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The effect of initial frequency chirp is numerically investigated to obtain high-efficient supercon-
tinuum radiation in photonic crystal fibers with two closely spaced zero-dispersion wavelengths. 
Our results show that the positive chirp can significantly improve the probability of energy trans-
ferred from the soliton to the dispersive wave. And with the increase of the chirp, the energy in-
creases obviously. At the same time, the intensity of the dispersive wave is proportional to the chirp 
value. Especially, solitons will not appear when the chirp value exceeds 3.9. Therefore, choosing 
an appropriate positive chirp, we can regulate the energy of the dispersive wave and solitons in 
photonic crystal fibers.
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1. Introduction
Since its first observation by RANKA et al. [1], supercontinuum (SC) generation in 
photonic crystal fibers (PCFs) has remained a subject of extensive research. The in-
vention of PCFs has opened a new horizon for effective SC generation because of its 
“endless single-mode” behavior, and controllable dispersion characteristics as well as 
excellent nonlinear properties [2– 4]. When a femtosecond optical pulse pumped in the 
anomalous dispersion regime of PCFs, the Raman scattering and high-order dispersion 
effects are two prominent factors that greatly affect the ideal periodic high-order 
soliton evolution [5, 6]. Consequently, the soliton-related dynamics such as soliton 
fission, dispersive wave (DW) generation, and soliton trapping [5, 7–13] contribute to 
a broadband SC generation.

During the soliton fission, the DW is emitted in the normal dispersion regime due 
to the energy transferred from soliton to narrow-band resonance [6–10]. The wave-
length of DW is red shift or blue shift with respect to the soliton central wavelength 
according to the phase-matching condition between DW and the soliton [6, 14, 15]. It 
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is well known that main contribution to the spectrum position of the DW is due to the 
dispersion slope, i.e. third-order dispersion (TOD) [16, 17]. When soliton propagates 
in the anomalous dispersion region, i.e., if β3 > 0, the DW is emitted on the blue side 
(B-DW) and it travels slower than the Raman soliton. While, if β3 < 0, the DW is emit-
ted on the red side (R-DW) and travels faster than the Raman soliton [18–20]. Many 
analysis and experimental studies have been carried out in PCFs in order to better un-
derstand the underlying mechanisms in the process of SC generation. The effects from 
input pulse parameters such as pulse energy, peak power, pulse duration, and central 
wavelength on the SC generation have been investigated thoroughly [5]. In [21], the 
mechanism of soliton trapping is disclosed in PCF with two zero-dispersion wave-
lengths (ZDWs). The role of chirp on soliton trapping of DWs is also unfolded in PCF 
with two ZDWs [22]. However, to the best of our knowledge, the influence of positive 
chirp on the energy redistribution between soliton and DWs has not been studied in 
PCFs in detail. In this paper, we adopt numerical methods to simulate the influence of 
positive chirp on the SC generation and DWs’ energy in PCF with two ZDWs in detail. 
These results indicate that a positive initial chirp accelerates the energy transferred to 
the normal dispersion regime by affecting self-phase modulation (SPM) and four-wave 
mixing (FWM) processes. The energy of DW and stability of optical solitons can be 
controlled if the chirp does not exceed a critical value. Positive chirp induces the energy 
redistribution between the soliton and DWs, thus the intensity of R-DWs and B-DWs 
is proportional to the chirp value. Therefore the spectral bandwidth and spectral flat-
ness are enhanced in the process of SC generation.

This paper is organized as follows. In Section 2, the theoretical model with non-
linear and high-order dispersion effects is introduced when ultra-short pulse propa-
gates in PCF. In Section 3, detailed discussion under varied chirp is presented during 
SC and DW generation. Finally, a conclusion is made based on the above results.

2. Numerical model
When an ultra-short pulse is propagating in PCF, the generalized nonlinear Schrödinger
equation (GNLSE) is used as the propagation model:
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where A(z, T ) is the pulse envelope and T  is a delayed time parameter measured in 
the reference frame moving with the envelop group velocity at the pump frequency. 
The first term on the right-hand side of Eq. (1) refers to the dispersion effect in PCF 
and βk is the k-th order dispersion coefficient by performing a Taylor-series expansion 
of propagation constant around a center frequency ω0; the second term represents non-
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linear effects, where γ denotes the nonlinear coefficient. The nonlinear response 
R(t) = (1 – fR)σ(t) + fRhR(t) with fR = 0.18 includes instantaneous and delayed Raman 
contributions, and the response hR used here is the same as the analytic approximations 
in [6]. The fiber loss is neglected since only a short length of the fiber is considered 
in the simulations. We adopt the chirped hyperbolic-secant pulses in the numerical sim-
ulation, where the input pulses are assumed to have the form:
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where P0 is the peak power and T0 is related to the FWHM with TFWHM ≈ 1.763T0, and 
C is the initial linear frequency chirp parameter as it appears in the simulations. We 
employ the standard split-step Fourier method to numerically solve the GNLSE [6]. 
To observe the visual results, we simulate the pulse in the time and spectral domain 
simultaneously by using the well-known X-FROG (cross-correlation frequency re-
solved optical gating) spectrograms [13, 23–27]. Intuitive images of the pulse evolu-
tion are obtained by plotting spectrograms as the pulse propagates in the fiber. In this 
paper, the spectrograms are numerically simulated with a windowed Fourier transform 
of the field envelope:
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Here, Aref denotes an envelope of the reference pulse, and A represents the envelope 
of the field inside the PCF. We choose the pump pulse as the reference pulse. In ad-
dition, we plot the spectrograms on the same logarithmic color scale.

3. Numerical results and discussions

On the basis of the GNLSE, a detailed analysis is presented on SC and DW generation 
under various positive chirps, where soliton fission mechanisms play an important role. 
The dispersion profile and relative group delay are presented as a function of the wave-
length from [21], where the two ZDWs are located at 650 and 930 nm. The dispersion 
regime between the two ZDWs is anomalous while the others are normal [25]. The dis-
persion slope in the vicinity of the second ZDW is negative, whereas it is positive near 
the first ZDW. In this paper, the input pulse parameters are used in our numerical sim-
ulations as follows: the pump wavelength λ0 = 725 nm, initial pulse width T0 = 50 fs, 
and the fiber length is 600 cm. 

By providing a large spectral overlap, the pump energy can be efficiently shed away 
to DW in the normal dispersion region of the PCF. The center frequencies of DW are 
determined by the phase-matching condition [5, 15, 26]
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(4)

where β(ωp) and β(ωDW) represent the propagation constants at the angular frequency 
of the pump (ωp) and the dispersive wave (ωDW), respectively; βn(ωp) denotes the high 
-order dispersion parameters. The factor fR accounts for the fractional contribution of 
the Raman delayed response in the fiber and Pp is the peak power of the pump. 

In order to better understand the role of chirp effect in the process of the DW and 
soliton generation, we firstly present the temporal evolution of the input pulses with dif-
ferent initial chirp coefficients propagating in the 0.6 m PCF. As shown in Figs. 1a–1c,
we can see how the SC temporal intensity is affected due to different chirps. In the 
time domain, several red-shifted Raman solitons can be observed and its temporal de-
lays increase with the increase of chirp. In this case, the delay of the input pulse depends 
on the chirp. By comparing the three figures, we find that input pulses with larger 
C value have longer delay. After the initial compression stage, the soliton undergoes 
fission resulting from the higher-order dispersion and nonlinear effects, and then the 
pulse breaks up into a series of fundamental solitons accompanied by emission of 
non-soliton radiation as shown in Fig. 1
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Fig. 1. Temporal evolution with different input chirp signatures; C = 0 (a), C = 2 (b), and C = 3.9 (c).

. With the increase of the chirp, the pulse reaches
the fission stage earlier, so the soliton is ejected earlier and experiences large delay [22, 
28, 29]. This explains why the DW is emitted earlier in Fig. 1c compared with that in 
Figs. 1a and 1b. In addition, the first-ejected soliton exhibits a stronger intensity and 
experiences a larger delay. 

We now show how the SC varies over a wide range of chirp. Figures 2a–2c show 
the corresponding spectral evolution in the same PCF. In the frequency domain, the 
pulse exhibited symmetric spectral broadening as a result of SPM at the distance less 
than 40 cm in Figs. 2a–2c. Subsequently, as the injected pulse attains its maximum 
bandwidth after strong temporal compression, the high-order soliton breaks up into 
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a series of fundamental solitons with different widths and peak intensity due to dispersion
and Raman perturbation. Then, the spectrum becomes asymmetric. As the solitons ex-
perience Raman induced frequency shift (RIFS), B-DW is excited when meeting the 
phase-matched condition. Besides, the B-DW can be amplified by the energy trans-
ferred from soliton [13, 30]. 

Figure 2a
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Fig. 2. Spectral evolution with different input chirp signatures; C = 0 (a), C = 2 (b), and C = 3.9 (c).

 shows the spectral evolution when C = 0. In this case, the initial spectral 
broadening is induced by SPM, which is followed by the onset of soliton fission. From 
this figure, we see that a fundamental soliton and DW is generated when the propaga-
tion distance is about 50 cm. And we note that as the central frequency of red-shift 
soliton gradually approaches the second ZDW with a negative dispersion slope, R-DW 
is excited at about 100 cm. We can see the R-DWs as well as B-DWs are both located 
at the normal dispersion regime and thus the SC is bounded by the two branches of DWs.
With further propagation, the red-shift soliton suddenly ceases to shift in the vicinity of 
the second ZDW due to the balance of RIFS and the spectral recoiling effect. The above
phenomena are consistent with the Ref. [21]. However, the intensity of DWs is rela-
tively weaker compared with those shown in Figs. 2b and 2c. As we known, the in-
tensity of the DW is related to the energy transferred from the soliton to DW.

As the chirp coefficient increases, we find some interesting phenomena in Figs. 2b
and 2c, respectively. i) The larger the chirp, the bigger the spectrum broadening. 
ii ) R-DW is excited at a shorter propagation distance and the intensity of R-DWs in-
creases more at the end of the fiber when chirp increases. iii) The chirp can dramatically 
influence the spectral recoiling. This is mainly because SPM and FWM can be facili-
tated by employing positive chirps. The energy can be transferred to the normal dis-
persion region from the region within the two zero-dispersion wavelengths provided 
that the initial positive chirp is considered. It also reveals that the coupling between 
the DW and Raman soliton may be a key mechanism in controlling the spectral broad-
ening under suitable chirp conditions.

In Figs. 3a and 3b, the fundamental soliton and DW is not strong in a shorter prop-
agation distance. But with the increase of the propagation distance, the higher-order
soliton broke up into red-shifted fundamental solitons through soliton fission. During 
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Fig. 3. Evolution of the spectral signatures as a function of fiber length pumped at 725 nm with different 
C coefficients: C = 0 (a), C = 2 (b), and C = 3.9 (c). Besides, the spectrum evolution at various propagating 
distances of 600, 300, and 150 cm.
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 soliton fission, DW is emitted due to the energy transferred from soliton to narrow 
-band resonance in the normal dispersion regime. More importantly, we can see that 
the amplitude and the shape of the soliton are not changed at the propagating distance 
d = 300 cm and d = 600 cm. The oscillation of spectrum can be found at 700 –850 nm 
in Figs. 3c. In other words, soliton has an oscillation behavior and began to become 
unstable [31]. With the increase of chirp, we find that the oscillation becomes more 
intense. The large chirp can simply be detrimental because it superimposes on the 
SPM-induced chirp and disturbs the exact balance between the group velocity disper-
sion (GVD) and SPM effects necessary for the soliton formation [32, 33]. Formation 
of a soliton is expected for small values of C because solitons are generally stable under 
weak perturbations. However, a soliton is destroyed if C exceeds a critical value Ccr. 
The critical value can be obtained with the inverse scattering method [34]. The real 
and imaginary parts of the eigenvalues (EVs) correspond to relative soliton velocities 
and amplitudes. As the chirp increases, the EVs move toward zero, showing that the 
solitons are less energetic. So, solitons exist as long as the imaginary part of EV is pos-
itive, which is a gradual process. With the increase of the chirp, the balance for the 
soliton formation is broken slowly. When C increases to a critical value Ccr, the oscil-
lation becomes more intense, and the stability of the soliton will be destroyed. Our nu-
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merical simulations indicate that the energy of DW and stability of optical solitons can 
be controlled if the chirp does not exceed 3.9.

The effect of initial chirp on the spectrum width of the output pulse is shown in 
Fig. 4
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Fig. 4. RMS spectrum width varied along with chirp.

, which plots the root mean square (RMS) spectrum width as a function of chirp 
parameter. In this case, the bandwidth of the output pulse depends on the initial chirp. 
Input pulses with larger chirp value lead to output pulses with broader bandwidths. 
Some important features can be found in Fig. 4. The spectrum bandwidth of the output 
pulse increases dramatically when the chirp increases from 0 to 2. Then the bandwidth 
is increased slightly after the chirp is larger than 2. All in all, it is important to choose 
an appropriate chirp, which cannot only ensure the stability of soliton, but also be ben-
eficial to get the maximum output bandwidth.

In order to clearly show the process of soliton trapping DW by chirp along with the
pulse evolution, a short propagation distance is chosen in our numerical simulations. 
The evolution of the numerical spectrogram for various values of propagation lengths z
is plotted in Fig. 5. In Figs. 5a–5c, spectrogram traces of 50 fs input pulse with C = 0 at 
fiber length of 60, 150 and 300 cm are showed, respectively. While in Figs. 5d–5f
the C = 2 and other parameters are the same. When the propagation distance is about 
0–60 cm in Figs. 5a and 5d, the first-ejected soliton is not stable due to high-order dis-
persion and nonlinear effects. Then, the soliton sheds away energy to B-DWs located 
at the short-wavelength edge of spectrum. Initially, the wavelength of the pump pulse 
is close to the smaller ZDW, which gives rise to a strong amplification of the B-DWs. 
In Figs. 5b and 5e, the first-ejected soliton continually experiences soliton self-frequency
shifting (SSFS) due to RIFS and then B-DWs can be continually amplified. And in 
Fig. 5b there is little energy contained in the R-DWs compared with that in Fig. 5e. 
When the center wavelength of the soliton shifts to the vicinity of the higher ZDW, 
the R-DW starts to be amplified. In Figs. 5c and 5f , we can find that for the pulse with 
chirp, the intensity of R-DW and B-DW is stronger compared with that without chirp, 
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because the positive chirp can improve the probability of the transferred energy from 
the soliton to DW. However, with further propagation the central wavelength of the 
soliton remains unchanged because a balance is achieved between stimulated Raman 
scattering (SRS) and spectral recoiling.

In
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Fig. 5. The numerical X-FROG traces of the 50 fs pulse for different propagation lengths of 60, 150, and 
300 cm for C = 0 (a–c), and of 60, 150, and 300 cm, for C = 2 (d–f ).

 Fig. 6

B-DW

R-DW

11.5

11.0

10.5

10.0

9.5

9.0

59

58

57

56

55

54
0 1 2 3 4

C

P
ro

p
o

rt
io

n
 o

f 
D

W
’s

 in
te

n
si

ty
 [

%
]

Fig. 6. The proportion of DW’s intensity with varied chirp. 
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, the intensity proportion of DW is plotted with the varied chirp. As 
C changes from 0 to 3.9, the power ratio of R-DWs changes from 54.3% to 58.5%, 
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while the B-DWs relatively slightly, just from 9.2% to 11.3%. It is clear that with the 
increase of C coefficient, the energy of DWs increases greatly. This is because the pos-
itive chirp can significantly improve the efficiency of the energy transferred from the 
soliton to DWs, and the intensity of R-DWs and B-DWs can both be dramatically in-
fluenced. In a word, the intensity of the DWs is proportional to the chirp value. So the 
energy of DWs and stability of solitons in PCF can be manipulated by positive chirp.

4. Conclusions
In this work, we have numerically investigated the possibility of controlling the SC and
DW generation by positive chirp. The SC spectral shape can be significantly modified 
at optimal input parameters. A small chirp value is a benefit to the formation of a soliton,
and a soliton is destroyed if the chirp exceeds a critical value. Our numerical simula-
tions indicate that the energy of DWs and stability of optical solitons can be controlled. 
Our result also shows that positive chirp induces the energy redistribution between 
soliton and DWs, thus the intensity of R-DWs and B-DWs is proportional to the chirp 
value. So we can manipulate the energy distribution of DWs and stability of solitons 
in PCF by positive chirp.
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