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The changes in the on-axis polarization state of random electromagnetic Gaussian Schell-model
vortex beams propagating in biological tissues have been studied. In different media propagation,
the bigger C 2n is, the earlier the appearance of the inflexion points in the on-axis degree of the polarization P(0, 0, z) is. As the propagation distance increases, the values of the on-axis orientation
angle θ(0, 0, z) undergo several processes: at the beginning they are positive, then gradually increase to the maximum, jump to a negative value, finally tend to a fixed value. The bigger C 2n corresponds to previous jumping position. In the entire propagation, the values of the on-axis ellipticity
ε(0, 0, z) are larger than the initial one. There exists a phenomenon that the values of P(0, 0, z),
θ(0, 0, z) and ε(0, 0, z) keep their extremes in a length of propagation distances for the far infrared
beams. The maximum of P (0, 0, z) is the smallest and the jumping range of θ(0, 0, z) is the largest
for the ultraviolet beams. Compared with σyy > σxx, the changes in magnitudes in P(0, 0, z) are more
obvious when σyy < σxx, the changes in θ (0, 0, z) are just the reverse for σyy < σxx.
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1. Introduction
The propagation properties of a laser beam passing through the media are closely connected with the optical properties of the media. Thus the beams propagation is one of
important research fields in optics, and the optical characteristics changes of the media
can be reflected by the propagation properties changes of a laser beam through the media, which becomes a significant project in optical medicine [1–3]. The polarization
of light is the basic property of light, which is a manifestation of correlations involving
components of the fluctuating electric field at a single point or two points [4]. In 2005
WESTPHAL and HELL pointed out that the orientation of the linear molecular transition
dipole is of great effect on the spatial resolution in stimulated emission depletion
fluorescence microscopy [5], so it is important to know the state of polarization of the
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polarized part of the beam at a point and its changes on propagation. In 1996 SCHMITT
and KUMAR reported that the power spectrum model of mammalian tissue can be
described mathematically by a model that resembles the classical Kolmogorov model
of atmospheric turbulence [6]. Based on the unified theory of coherence and polarization [4], some works have been devoted to the changes in the state of polarization of
random electromagnetic beams in biological tissues. Such as the change in the state
of polarization of isotropic random electromagnetic beams passing through biological
tissues [7, 8], the change in the degree of polarization of anisotropic random electromagnetic beams passing through biological tissues [9], and so on. However, lots of
researches concern the non-vortex beams, those referring to the change in the state of
polarization of vortex beams are scarce.
The vortex beam is a singular beam endowed with the screw wavefront dislocations, topological charge and optical vortex, which has attracted attention and found
extensive applications in optical communications, quantum information and entanglement, and microparticle manipulation and trapping [10–16]. The influence of both the
topological charge and the correlation length of the beam on the degree of polarization
of stochastic electromagnetic vortex beams has been studied [17]. In this paper, based
on the extended Huygens–Fresnel principle, the analytical expressions of the cross-spectral density matrix elements for random electromagnetic Gaussian Schell-model (GSM)
vortex beam propagating in biological tissues are derived. The dependence of the
changes in the on-axis polarization state of random electromagnetic GSM vortex
beams propagating in biological tissues has been studied by means of numerical calculations, including the structure constant of the refractive index C n2 of biological tissues, the wavelength λ, the spatial correlation length σyy of beams, and the propagation
distance z.

2. Theoretical model
The cross-spectral density matrix of random electromagnetic vortex beams at the
source plane z = 0 is expressed as [18]
W ( s 1, s 2, 0 ) =

Wxx ( s 1, s 2, 0 )

Wxy ( s 1, s 2, 0 )

Wyx ( s 1, s 2, 0 )

Wyy ( s 1, s 2, 0 )

(1)

where
Wij ( s 1, s 2, 0 ) =  E i* ( s 1, 0 )E j ( s 2, 0 ) ,

i, j = x, y

(2)

where Ex and Ey denote the two components of the electric field; sl ≡ (slx, sly) (l = 1
and 2) is the two-dimensional position vector at the source plane z = 0. The asterisk and
angle brackets stand for the complex conjugate and ensemble average, respectively.
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The elements Wij (s1, s2, 0) of the cross-spectral density matrix of random electromagnetic GSM vortex beams at the source plane are expressed as [19]
Wi j ( s 1, s 2, 0 ) = A i A j B i j s 1x s 2x + s 1y s 2y + i sgn ( m )s 1x s 2y – i sgn ( m )s 2x s 1y
 s 21 + s 22 
 ( s1 – s2 )2 
- exp – --------------------------
× exp – -----------------2σ i2j 
w 20 



m

(3)

where Ai is the amplitude of the electric field-vector component, Ei, and Bij are correlation coefficients between two components Ei and Ej, w0 is the waist width, σij is related to the spatial correlation length; sgn(m) denotes the sign function; m specifies
the topological charge, and in the following we take m = +1. For m = 0, Eq. (3) reduces
to those of random electromagnetic GSM vortex-free beams,
 s 21 + s 22 
 ( s1 – s2 )2 
W'i j ( s 1, s 2, 0 ) = A i A j B i j exp – ------------------ exp – --------------------------
2σ i2j 
w 20 



(4)

Based on the extended Huygens–Fresnel principle [20], the elements of cross-spectral density matrix of random electromagnetic GSM vortex beams propagating through
biological tissue can be expressed as
2

 k 
Wi j ( ρ 1, ρ 2, z ) = ------------
 2πz 

  d ρ1   d ρ2 Wi j ( s1, s2, 0 )
2

2

 ik
2
2 
× exp – --------- ( ρ 1 – s 1 ) – ( ρ 2 – s 2 )   exp [ψ *( ρ 1, s 1 ) + ψ ( ρ 2, s 2 )]
 2z


(5)

where the ρ1 and ρ2 is the position vector at the z plane, the relationship between the
wave number k and the wavelength λ is k = 2π/λ, ψ denotes the random part of the complex phase of a spherical wave propagating through the biological tissue, and  · implies the averaging over the ensemble of the statistical realizations of the random
medium and can be written as [21]
 exp [ψ *( ρ 1, s 1 ) + ψ ( ρ 2, s 2 )]

2 2
= exp  – 4π k z


1

∞

0 0 dκ κΦ (κ ) 1 – J0  t ( ρ1 – ρ2 ) + ( 1 – t ) ( s1 – s2 ) κ 
dt




(6)
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where J0 is the zero-order Bessel function, and Φ(κ) is known as the power spectrum
of the index of refraction fluctuations. As for a variety of mammalian tissues such as
human skin, the expression of Φ(κ) is written as [6]
4π  δn 2  L 20 ( ζ – 1 )
Φ ( κ ) = -----------------------------------------------ζ
( 1 + κ 2 L 20 )

(7)

where L0 is the outer scale of the refractive-index size, the parameter ζ is related to
the fractal dimension of the tissue and is an indication of the classical turbulent behavior of tissue, and  δn 2  is the ensemble averaged variance of the refractive index.
In Eq. (6), the expansion of J0(x) can be expressed as [9]
J0 ( x ) =

m


0

m

2m

( – 1 ) ( x /2 )
-------------------------------------- ,
2
( m! )

x <∞

(8)

When we will take the front two items as its approximate expression, then the expression of  exp [ψ *( ρ 1, s 1 ) + ψ ( ρ 2, s 2 ) ] can be rewritten as
1
- ( ρ1 – ρ2 )2 + ( ρ1 – ρ2 ) ( s1 – s2 ) + ( s1 – s2 )2
 exp [ψ *( ρ 1, s 1 ) + ψ ( ρ 2, s 2 )] ≅ – -------2
ρ0
(9)
where
ρ 0 = 0.22 ( C n2 k 2 z )

– 1/2

(10)

means the coherence length of a spherical wave propagating through turbulence, C n2 is
the structure constant of refractive index describing the strength of biological tissue
turbulence, whose expression is
 δn 2 
C n2 = ---------------------------L 20 ( 2 – ζ )

(11)

where L0 is the outer scale of refractive-index size, ζ is related to the fractal dimension
of biological tissues,  δn 2  is the ensemble-averaged variance of the refractive index.
C n2 = 0 for the free space. In order to facilitate the calculation, two variables of integration are introduced:
s1 + s2
u = ------------------- ,
2

v = s1 – s2

(12)
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and substituting Eqs. (3) and (9) into Eq. (5), we obtain
2

 k 
ik
Wi j ( ρ 1, ρ 2, z ) = A i A j B i j ------------ exp – -------- ( ρ 21 – ρ 22 )
2πz
2z


1
- ( ρ 21 – ρ 22 )
× exp – ------ρ 20



2

d u



2
v2
d v  u 2 – --------- – i ( u x v y – u y v x )

4 

2 2
2
ik
- u – --------- u 2y exp – a ij v 2x – a ij v 2y exp – -------- u ( ρ 2 – ρ 1 )
× exp – -------2 x
2
z
w0
w0
ik
1
ik
- v ( ρ1 – ρ2 )
× exp – --------- v ( ρ 2 + ρ 1 ) exp – -------- uv exp – -------z
2z
ρ 20
ik
1
ik
- v ( ρ1 – ρ2 )
× exp --------- v ( ρ 2 + ρ 1 ) exp – -------- uv exp – -------z
2z
ρ 20

(13)

where
1
1
1
a ij = ------------- + -------------- + --------2
2
2σ i j
ρ 20
2w 0

(14)

Recalling the integral formula [22]



2
x n exp ( – px

q2 


π q
+ 2qx )d x = n! exp -------- ------ ------
 p  p p

n
n E -----2



k=0

 p 
1
------------------------------- ------------
( n – 2k )!k!  4q 2 

k

(15)
the analytical expression of the cross-spectral density function of the GSM vortex
beams propagating through the biological tissue can be obtained by tedious and
straightforward integral calculations for Eq. (13):
Wi j ( ρ 1, ρ 2, z )
ik
1
- ( ρ 1 – ρ 2 )2 M 1 – M 2 – M 3 + M 4
= A i A j B i j exp – -------- ( ρ 21 – ρ 22 ) – -------2
2z
ρ0
(16)
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where
2
2
k 2 bx by  1
d x2 + d y2 
 dx + dy 
M 1 = --------------------------- + --------------------- exp ----------------------
c
4 z 2 ai j c  c
c2 



(17a)

2
2
k 2 w 02  1
g x2 + g y2 
 gx + gy 
--------------------------------------M2 =

-------- + --------------------- exp 
f2 
32z 2 f  f
f2 

2
 w0

k2
k2
- ( ρ 1x – ρ 2x ) 2 – --------- ( ρ 1y – ρ 2y ) 2 
× exp ---------- – -------z2
z2
 8


(17b)

w 02 k 2
i k 2 w0 gy dx bx
 g y2
d x2 
2
M 3 = ------------------------------------------ exp – ----------------- ( ρ 1y – ρ 2y ) exp -------- + --------
8z
c 
 f
4z 2 2a i j f 3 c 3

(17c)

w 02 k 2
i k 2 w0 gx dy by
 g x2
d y2 
2
- + --------M 4 = ------------------------------------------ exp – ---------------- ( ρ 1x – ρ 2x ) exp -------
8z
c 
 f
4z 2 2a i j f 3 c 3

(17d)

2
k2
c = ---------- + ------------------w 02
4z 2 a i j

(17e)

w 02 k 2
f = a i j + ---------------8z 2

(17f)


k2
ik 
1
- ( ρ 1x + ρ 2x ) + --------- 1 + -------------------d x = ------------------ ( ρ 1x – ρ 2x )
2z 
8a i j z 2
2a i j ρ 20 

(17g)

1  w 02 k 2
ik
1 
g x = --------- ( ρ 1x + ρ 2x ) + -------  ---------------– --------- ( ρ 1x – ρ 2x )
2  4z 2
4z
ρ 20 

(17h)

2

 1

ik
1
b x = exp ------------- --------- ( ρ 1x + ρ 2x ) – --------( ρ 1x – ρ 2x ) 
2
ρ0
 4a ij 2z


(17i)

According to the symmetry, dy, gy and by can be obtained by the replacement of ρ1x
and ρ2x with ρ1y and ρ2y, respectively.
Based on the unified theory of polarization and coherence, the degree of polarization P( ρ1, ρ2, z) of the random electromagnetic GSM vortex beam propagating through
the biological tissues can be expressed as [18, 23]
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4Det [ W ( ρ 1, ρ 2, z ) ]
1 – ---------------------------------------------------Tr [ W ( ρ 1, ρ 2, z ) ] 2

(18)

where Det and Tr denote the determinant of the matrix and the trace of the matrix, respectively.
The orientation angle θ( ρ1, ρ2, z) is made by the major axis of the polarization
ellipse with the x-direction, and the expression can be written as [18]
2Re [ W xy ( ρ 1, ρ 2, z ) ]


1
θ ( ρ 1, ρ 2, z ) = ------ arctan --------------------------------------------------------------------------------
2
 W xx ( ρ 1, ρ 2, z ) – W yy ( ρ 1, ρ 2, z ) 

(19)

The ellipticity ε( ρ1, ρ2, z) can be used to describe the shape of the polarization ellipse, and the formula is given as [18]
ε ( ρ 1, ρ 2, z ) = A minor /A major ,

0≤ ε≤1

(20)

where Amajor and Aminor are the major and minor semi-axis of the polarization ellipse,
respectively, and can be expressed as
2
A major ( ρ 1,

2
A minor ( ρ 1,

2

2

2

2

( W xx – W yy ) + 4 W xy + ( W xx – W yy ) + 4 Re ( W xy )
ρ 2, z ) = -------------------------------------------------------------------------------------------------------------------------------------------------------2
(21a)
2

2

2

2

( W xx – W yy ) + 4 W xy – ( W xx – W yy ) + 4 Re ( W xy )
ρ 2, z ) = ---------------------------------------------------------------------------------------------------------------------------------------------------2
(21b)

When ρ1 = ρ2 = 0, Eqs. (18) – (20) reduce to the on-axis state of polarization
P(0, 0, z), θ(0, 0, z) and ε (0, 0, z) of the random electromagnetic GSM vortex beam.

3. Numerical calculations and analysis
It is important to know the state of polarization of the beam at a point and its changes
during the propagation. We select the upper dermis of human, the deep dermis of mouse
and the intestinal epithelium of mouse as the specimens of numerical calculations, and
investigate the changes in the on-axis state of polarization of the random electromagnetic
GSM vortex beam passing through the biological tissues. The corresponding changes
in free space also have been discussed. According to Eq. (11) and the data in [6],
C n2 = 0.44 × 10–3 μm–1 in upper dermis of human, C n2 = 0.22 × 10–3 μm–1 in deep dermis of mouse, C n2 = 0.06 × 10–3 μm–1 in intestinal epithelium of mouse and C n2 = 0
in free space have been obtained.
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Figure 1 shows the changes in the on-axis degree of polarization P(0, 0, z), the
on-axis orientation angle θ(0, 0, z), the on-axis ellipticity ε(0, 0, z) of the random
electromagnetic GSM vortex beam passing through the biological tissues with the
propagation distance for different constant of the refractive index C n2 of the structure.
The calculation parameters are Ax = Ay = 0.51/2, Bxx = Byy = 1, Bxy = B *yx = 0.3exp(iπ/3),
σxx = 0.15 μm, σyy = 0.225 μm, σxy = σyx = 0.25 μm, w0 = 2 μm, λ = 0.6328 μm, which
satisfied the conditions in [24]. From Fig. 1 we see that the propagation media have
no effect on the changes in P(0, 0, z), θ(0, 0, z) and ε(0, 0, z) at the beginning. With
the increment of the propagation distance z, the values of P(0, 0, z) firstly decrease
and again increase to maximum, the bigger is the C n2, the stronger is the biological
tissue turbulence, the earlier is the appearance of the inflexion points in the on-axis
degree of the polarization P(0, 0, z), the smaller is the maximum, and the shorter is
the corresponding propagation distance. Finally P(0, 0, z) keep the maximum in the
free space, whereas it gradually decrease until it tends to a fixed value in the biological
tissues. As the propagation distance increases, the values of θ(0, 0, z) undergo several
processes: at the beginning they are positive, then gradually increase to the maximum,
next jump to a negative value, and finally tend to a fixed value. Bigger C n2 corresponds
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Fig. 1. The changes in the random electromagnetic GSM vortex beam with the propagation distance z in
the on-axis (a) degree of polarization P(0, 0, z), (b) orientation angle θ(0, 0, z) and (c) ellipticity ε(0, 0, z)
for the different structure constant of refractive index Cn2.
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to previous jumping position, for example, the jumping position of C n2 = 0, 0.06 × 10–3,
0.22 × 10–3, and 0.44 × 10–3 μm–1 is 1.84, 1.82, 1.79, and 1.74 μm, respectively. In the
entire propagation, the values of ε(0, 0, z) are larger than the initial one, which indicates
that the propagation can enhance the on-axis ellipticity of beams.
The changes in the on-axis degree of polarization P(0, 0, z), the on-axis orientation
angle θ(0, 0, z), the on-axis ellipticity ε(0, 0, z) of the random electromagnetic GSM vortex beam passing the upper dermis of human have been plotted with the propagation
distance for different wavelength λ in Fig. 2. The calculation parameter is C n2 = 0.44
× 10–3 μm–1, the other parameters are same as in Fig. 1. Herein λ = 0.325, 0.6328, and
10 μm denote the ultraviolet, visible, far infrared lights, respectively. The beams of 0.325
and 0.6328 μm can be generated by He-Cd laser and He-Ne laser, respectively, and the
beam of 10 μm is so similar to the wave emitted by the biological tissue that it is named
as “the life light wave”. As suggested in Fig. 2, the initial values of P(0, 0, z), θ(0, 0, z)
and ε(0, 0, z) have nothing to do with the wavelength λ. With the propagation distances
increasing, the bigger λ is, the earlier the appearance of the inflexion points of P(0, 0, z),
θ(0, 0, z) and ε(0, 0, z). During the propagation, the changes in P(0, 0, z), θ(0, 0, z)
and ε(0, 0, z) display a phenomenon that the values keep the extreme in a length of
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Fig. 2. The changes in the random electromagnetic GSM vortex beam propagating in upper dermis of
human with the propagation distance z in the on-axis (a) degree of polarization P(0, 0, z), (b) orientation
angle θ(0, 0, z) and (c) ellipticity ε(0, 0, z) for the different wavelength λ.
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propagation distances for the far infrared beams. It is attributed to the fact that the far
infrared light has so similar wavelength (λ = 10 µm) to the wavelength emitted by
biological tissue itself that the tissue molecule resonance takes place. The maximum
of P(0, 0, z) is the smallest and the jumping range of θ(0, 0, z) is the largest for the
ultraviolet beams. The reason can be that the protein molecules in biological tissues
have strong absorption to ultraviolet light.
We plot the changes in the on-axis degree of polarization P(0, 0, z), the on-axis
orientation angle θ(0, 0, z), the on-axis ellipticity ε(0, 0, z) of the random electromagnetic GSM vortex beam passing through the upper dermis of human with the propagation distance for the different spatial correlation length σyy in Fig. 3. The calculation
parameter is C n2 = 0.44 × 10–3 μm–1, σxx = 0.225 μm, the other parameters are same as
in Fig. 1. It is noted that the changes in P(0, 0, z), θ(0, 0, z) and ε(0, 0, z) also depend
on the relationship between the spatial correlation length σxx and σyy. In Fig. 3a, when
σyy < σxx, the change magnitude of the curve of P(0, 0, z) is more obvious than that
when σyy ≥ σxx, and the smaller σyy corresponds to the bigger extreme of P(0, 0, z). From
Fig. 3b we observe that when σyy = 0.18 and 0.2 μm, namely, σyy < σxx, the initial value
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Fig. 3. The changes in the random electromagnetic GSM vortex beam propagating in upper dermis of
human with the propagation distance z in the on-axis (a) degree of polarization P(0, 0, z), (b) orientation
angle θ(0, 0, z) and (c) ellipticity ε(0, 0, z) for the different spatial self-correlation length σyy.
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of θ(0, 0, z) is negative. With the increment of propagation distance, θ(0, 0, z) changes
to the negative maximum, jump to the positive maximum, gradually decrease, and finally increase to a fixed positive one. Whereas, when σyy = 0.25 and 0.27 μm, namely,
σyy > σxx, the changes in θ(0, 0, z) are just the reverse. The bigger the absolute value
of |σyy – σxx| is, the larger the change magnitude of θ(0, 0, z) is. For σyy = σxx the value
of θ(0, 0, z) is insignificant. It can be explained by Eqs. (16) and (19), from which
Wyy = Wxx can be obtained. As can be seen from Fig. 3c, the value of ε(0, 0, z) is a fixed
one from the beginning to the end when σyy = σxx, which can be verified by Eq. (20).

4. Conclusions
The analytical expressions of the cross-spectral density matrix elements for random
electromagnetic GSM vortex beam propagating in biological tissues are derived based
on the extended Huygens–Fresnel principle, and used to study the on-axis polarization
state changes, including the on-axis degree of the polarization P(0, 0, z), on-axis orientation angle θ(0, 0, z), and on-axis ellipticity ε(0, 0, z). It is shown that in the different
media propagation, the bigger C n2 is, the earlier the appearance of the inflexion points
in P(0, 0, z) is. With the increment of the propagation distance, the value of θ(0, 0, z)
at the beginning is positive, again gradually increases to the maximum and jumps to
negative value, and finally tends to a fixed value. The bigger C n2 is related to the shorter
propagation distance of jumping position. The value of ε(0, 0, z) firstly increases, again
decreases, and finally tends to a fixed one. In the entire propagation, all values of
ε(0, 0, z) are larger than the initial one. During the propagation, the bigger wavelength λ is, the earlier the appearance of the inflexion points in P(0, 0, z), θ(0, 0, z) and
ε(0, 0, z) is. Besides, the changes in P(0, 0, z), θ(0, 0, z) and ε(0, 0, z) display a phenomenon that their values keep the extremes in a length of propagation distances for the
far infrared beams, which can be attributed to the fact that the wavelength of the far
infrared light is so similar to the wave emitted by the biological tissues that the resonance
with the biological tissue molecules takes place. The maximum of P(0, 0, z) is the smallest and the jumping range of θ(0, 0, z) is the largest for the ultraviolet beams, which
may be due to the strong absorption of the ultraviolet beam by protein molecules in
biological tissues. Additionally, the changes in P(0, 0, z), θ(0, 0, z) and ε(0, 0, z) also
depend upon the relationship between spatial correlation length σyy and σxx. The change
magnitudes of P(0, 0, z) are more obvious when σyy < σxx than those when σyy > σxx.
The changes in θ(0, 0, z) are just the reverse for σyy > σxx and σyy < σxx. The value of
ε(0, 0, z) is a fixed one from the beginning to the end. The results obtained in the present
paper will supply the theoretical basis and experimental evidence for the laser parameters selection when the electromagnetic GSM vortex beams propagate in biological
tissues, and will be useful for the development of tissue imaging.
Acknowledgements – This work was supported by the National Natural Science Foundation of China
(Grant Nos. 61405136, 11547264 and 11647085), and the Applied Basic Research Foundation of Shanxi
Province, China (Grant No. 201701D121011).
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