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Defect solitons supported by kagome photonic lattices
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We report that defect solitons can be supported by kagome photonic lattices with a defect in biased
photovoltaic-photorefractive crystals. For a positive defect, these defect solitons exist only in the
semi-infinite bandgap and are stable in the low power region but unstable in the high power region.
For a negative defect, these defect solitons exist in both of the semi-infinite bandgaps and the first
bandgap. In the semi-infinite bandgap, low-power defect solitons are stable when the negative defect
depth is low and unstable when the negative defect depth is high, moderate-power defect solitons
are stable when the negative defect depth is high, and high-power defect solitons are unstable for
all the negative defect depths. In the first bandgap, defect solitons are stable in all the power regions
when the negative defect depth is low. When the negative defect depth is high, defect solitons are
stable in the high power region and unstable in the low power region. On the other hand, these defect
solitons are those studied previously in kagome photonic lattices with a defect in biased non-photovoltaic-photorefractive crystals when the bulk photovoltaic effect is negligible and those in kagome
photonic lattices with a defect in photovoltaic-photorefractive crystals when the external bias field
is absent.
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1. Introduction
Study of light propagation in periodic optical systems such as waveguide arrays, photonic
lattices, and photonic crystals has attracted growing interest due to its physics and light
-routing applications. The unique feature of such periodic systems is the existence of
Bloch bands and forbidden bandgaps in the linear spectrum. On the other hand, when
the forward- and backward-propagating waves experience Bragg scattering from periodic structures, their nonlinear coupling can produce gap solitons, which can exist
in different bandgaps. Photonic lattices can support different kinds of gap solitons under different nonlinearities. At present, a wide variety of solitons in uniformly periodic
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photonic lattices are known: fundamental solitons [1–7], vortex solitons [8–12], dipole
solitons [13, 14], reduced-symmetry solitons [15], embedded-soliton trains [16], and
so on, many of which have been experimentally observed. Of particular interest is
a defect in the periodic medium which supports surface defect solitons [17, 18], defect
modes (DMs), and defect solitons (DSs) in bandgaps of the periodic medium. DMs in
photonic lattices in biased non-photovoltaic-photorefractive (non-PP) [19–21], PP [22],
and biased PP [23] crystals have been proposed. On the other hand, DSs in one-dimensional photonic lattices [24], two-dimensional square photonic lattices [25], and kagome
photonic lattices [26] have been predicted in biased non-PP crystals. However, DSs in
optically induced kagome photonic lattices in biased PP crystals have not been investigated yet.
In this paper, we report on that DSs in optically induced kagome photonic lattices
with a defect in biased PP crystals can exist in different bandgaps when the defect
strength is changed. The existential region of these DSs decreases with an increase in
the positive defect strength and increases with the negative defect depth. For a positive
defect, DSs exist only in the semi-infinite bandgap and are stable in the low power
region but unstable in the high power region. For a negative defect, DSs exist in the
semi-infinite and first bandgaps. In the semi-infinite bandgap, low-power DSs are stable when the negative defect depth is low but unstable when the negative defect depth
is high, moderate-power DSs are stable when the negative defect depth is high, and
high-power DSs are unstable for the all the negative defect depths. In the first bandgap,
when the negative defect depth is low, DSs are stable in the all power region, whereas
when the negative defect depth is high, high-power DSs are stable and low-power DSs
are unstable. When the bulk photovoltaic effect is negligible, these DSs are those
studied previously in kagome photonic lattices with a defect in biased non-PP crystals.
When the external bias field is absent, these DSs are those in kagome photonic lattices
with a defect in PP crystals.

2. Theoretical model
Let us consider the physical situation in which an ordinarily polarized beam through
a mask is launched into a biased PP crystal. The mask can control the distribution of optical intensity that forms a kagome lattice beam with a defect. This defected lattice beam
is assumed to be uniform along the direction of propagation. Meanwhile, an extraordinarily polarized probe beam is launched into the defect site, propagating collinearly
with the lattice beam. The probe beam at the defect site in kagome optical lattices in
the biased PP crystal is described by the nonlinear Schrödinger equation [23, 26]:
IL + U 2
∂U
1
∂ 2U
∂ 2U
- U + E p -----------------------------------U = 0
i ------------ + -------------- + -------------- – E 0 ----------------------------------∂z
∂x 2
∂y 2
IL + U 2 + 1
IL + U 2 + 1

(1)

where U is the slowly varying amplitude of the probe beam, z is the propagation distance (in units of 2k T 2/ π 2), T is the lattice spacing, k = 2πne /λ is the optical wave num-
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ber in the PP crystal, ne is the unperturbed extraordinary index of refraction, λ is the
wavelength, x and y are the transverse distances (in units of T / π), E0 is the applied
dc field (in units of π 2 / ( T 2 k 2 n 4e r 33 )) [21], r33 is the electro-optic coefficient, Ep is the
photovoltaic field constant (in units of π 2 / ( T 2 k 2 n 4e r 33 )) [23], IL is the intensity function of the photonic lattices described by [21, 26]
– ( 4x 2 + 3y 3 ) 4 

I L = I  1 + ε exp -------------------------------------- 
128



(2)

where I is the intensity profile of kagome lattices as described by [27]
 ik 1 py 
 k 1 py 
 ik 1 y 
I = V 0 2 exp ------------------------- cos ------------------------- exp -------------------------
 1 + 4p/3 
 1 + 4p/3 
 1 + 4p/3 




–i k1 y
–i k1 y
i 3
i 3
– -------------- k 1 x + exp --------------------------------+ -------------- k 1 x
+ exp --------------------------------2
2
 2 ( 1 + 4p/3 )

 2 ( 1 + 4p/3 )


2

(3)
and p = 3/2 (note that when p = 3/2, the lattice transforms from the well-known
honeycomb interference pattern into the richer kagome lattice), V0 is the lattice peak
intensity, k1 = 4π/d is the periodicity in the x direction, and ε controls the strength of
the defect. For a positive defect (ε > 0), the lattice light intensity IL at the defect site
is higher than that at the surrounding sites. For a negative defect (ε < 0), the lattice
intensity IL at the defect site is lower than that at the surrounding sites. Figure 1a
depicts the intensity distribution of kagome lattices. In this paper, we consider the following examples: let T = 20 μm, V0 = 0.375, d = 3 π, and λ = 0.5 μm [26, 27]. Let
the PP crystal be BaTiO3 [28] with the parameters ne = 2.365, r33 = 80 × 10–12 m/V,
and the actual photovoltaic field constant E'p = 5 kV/cm [29]. For this set of values,
we find that E p ≈ 8 and that one E0 or Ep unit corresponds to 62 V/mm, one x or y unit
corresponds to 6.4 μm, and one z unit corresponds to 2.4 mm in physical units. For
illustration purposes, we take E0 = 25.
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Fig. 1. The kagome photonic lattices (a). Band structure of kagome photonic lattices (b).
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In order to show the existent conditions for DSs, let us first understand the dispersion relation and bandgap structure of the linear version of Eq. (1). According to the
Bloch theorem, eigenfunctions of the linear version of Eq. (1) can be sought in the form
U(x, y, z) = u(x, y) exp[i(kx x + ky y – μz)], where u(x, y) is a periodic function with the
same periodicity as the lattices, kx and ky are wave numbers in the first Brillouin zone,
and μ is the Bloch-wave propagation constant. Direct substitution of this form of
U(x, y, z) in the linear version of Eq. (1) yields the following eigenvalue equation
∂u
∂u
∂ 2u
∂ 2u
------------- + ------------- + 2ik x ---------- + 2ik y ---------- – ( k x2 + k y2 )u + V ( x, y )u = – μu
2
2
∂x
∂y
∂x
∂y

(4)

where V (x, y) = (Ep I – E0)/(1 + I ) is the uniform periodic potential. We calculate Eq. (4)
by the plane wave expansion method to obtain the bandgap diagram as shown in Fig. 1b.
When E0 = 25 in Fig. 1b, we obtain the regions of the semi-infinite, first, second, and
third gaps as μ < 3.49, 3.56 < μ < 8.99, 12.83 < μ < 16.14, and 25.35 < μ < 25.74,
respectively.
We obtain the solution of Eq. (1) for stationary solitons in the form of U(x, y, z)
= u(x, y) exp(–iμz), where u(x, y) is a localized function in x and y. Substituting this
form of U(x, y, z) into Eq. (1), we find that
IL + u2
1
∂ 2u
∂ 2u
------------------------------ u = –μ u
u
+
E
------------- + ------------- – E 0 -----------------------------p
IL + u2 + 1
IL + u2 + 1
∂x 2
∂y 2

(5)

from which DSs u(x, y) can be obtained by a numerical method. Such a numerical
method is to expand the solution u(x, y) into discrete Fourier series and then convert
Eq. (5) into a matrix eigenvalue problem with μ as the eigenvalue [30]. The power of
DSs is defined as
P =

∞

∞

–∞ –∞ u 2 dx dy

To analyze the stability of DSs, they are perturbed as

U ( x, y, z ) =  u ( x, y ) + v ( x, y ) – w ( x, y ) exp ( δ z )

*

+ v ( x, y ) + w ( x, y ) exp ( δ * z )  exp ( – i μ z )


(6)

where the superscript * represents complex conjugation, and v (x, y), w(x, y) << 1 are
the small perturbations. By substituting Eq. (6) into Eq. (1) and linearizing the resulting equation, the eigenvalue equations are obtained as follows:
IL + u2


1
∂2w
∂2w
------------------------------ w
w
+
E
δ v = – i  μ w + -------------- + -------------- – E 0 -----------------------------p
IL + u2 + 1 
IL + u2 + 1
∂x 2
∂y 2


(7)
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IL – u2 + 1
∂ 2v
∂ 2v
-v
δ w = – i μ v + ------------- + ------------- – E 0 ------------------------------------∂x 2
∂y 2
( IL + u2 + 1)2
( IL + u 2 + 1)2 – IL + u 2 – 1
-v
+ E p ---------------------------------------------------------------------( IL + u2 + 1)2

(8)

which we solved by a numerical method that is called OOM [31]. If there exists
Re(δ) > 0, DS is linearly unstable. Otherwise it is linearly stable. To test the predictions
of linear stability analysis, we solved Eq. (1) numerically with the input conditions
U(x, y, z = 0) = w(x, y)[1 + φ(x, y)], where φ(x, y) is a Gaussian random function with
 φ = 0 and  φ2  = σ 2 (we choose that σ 2 is equal to the white noise with σ 2 = 0.01).

3. Numerical results
Let us first consider DSs for a positive defect (ε > 0). We find that DSs exist only in the
semi-infinite bandgap. Figure 2a shows the power diagrams of DSs for three different
values of the defect strength parameter ε, where dotted curve represents unstable DSs
and solid, dashed, and dash-dot curves represent stable DSs. This figure demonstrates
that the power of DSs decreases with an increase in the positive defect strength for
a given propagation constant and the propagation constant for a given positive defect
strength and that the existential region of DSs decreases with an increase in the positive
defect strength. Figure 2b shows the real parts of perturbation growth rates Re(δ) vs.
the propagation constant for ε = 0.2, 0.5, and 0.8. It reveals that the stable region of DSs
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Fig. 2. Power vs. propagation constant μ (blue region is Bloch band) when ε = 0.2 (solid curve),
ε = 0.5 (dashed curve), and ε = 0.8 (dash-dot curve); the solid, dashed, and dash-dot curves indicate the
stable DSs, and the dot curve indicates the unstable DSs (a). Perturbation growth rates Re(δ) corresponding to a (b). Profiles of DSs at the points a, b, and c are shown in Fig. 3.
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Fig. 3. Profile of DS at point a in Figs. 2a and 2b with (ε, μ) = (0.2, –4.37) (a), and its profile at z = 300 (b).
Profile of DS at point b in Figs. 2a and 2b with (ε, μ) = (0.8, – 4.37) (c) and its profile at z = 300 (d). Profile
of DS at point c in Figs. 2a and 2b with (ε, μ) = (0.5, 0,43) (e) and its profile at z = 300 (f ). The DS in (a)
is unstable, while the DSs in (c) and (e) are stable.

decreases with an increase in positive defect strength. When μ < – 4.05 with ε = 0.2,
μ < – 4.20 with ε = 0.5, and μ < – 4.41 with ε = 0.8 (corresponding to high power)
in Fig. 2a, DSs cannot stably exist according to the diagram of growth rates Re(δ) as
shown in Fig. 2b. As an example, Fig. 3a shows the profile of a DS for μ = – 4.37 with
ε = 0.2 (point a in Figs. 2a and 2b). Figure 3b shows the profile of the DS at z = 300,
where the DS changes its original shape and place. When – 4.05 ≤ μ ≤ 2.56 with ε = 0.2,
– 4.20 ≤ μ ≤ 1.60 with ε = 0.5, and – 4.41 ≤ μ ≤ 0.94 with ε = 0.8 (corresponding to
low power) in Fig. 2a, DSs can stably exist (see Fig. 2b). For μ = – 4.37 with ε = 0.8
(point b in Figs. 2a and 2b) and μ = 0.43 with ε = 0.5 (point c in Figs. 2a and 2b), the
profiles of DSs are shown in Figs. 3c and 3e, whereas their profiles at z = 300 are dis-
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Fig. 4. Power vs. propagation constant (blue regions are Bloch band) when ε = –0.2 (solid curve), ε = –0.5
(dashed curve), and ε = –0.8 (dash-dot curve); the solid, dashed, and dash-dot curves indicate the stable DSs,
and the dot curves indicate the unstable DSs (a). Perturbation growth rates Re(δ) corresponding to a (b).
Profiles of DSs at the points a, b, c, d and e are shown in Fig. 5.

played in Figs. 3d and 3f. Evidently, DSs are stable since they propagate unchanged.
The above results are in agreement with the growth rates in Fig. 2b.
Next, we consider the case of negative defect depths. In this case, DSs exist in the
semi-infinite and first bandgaps. Figure 4a depicts the power diagrams of DSs for
ε = –0.2, –0.5, and –0.8. This figure also shows that the power of DSs increases with
the negative defect depth for a given propagation constant and decreases with an increase in the propagation constant for a given negative defect depth and that the stable
region of DSs increases with the negative defect depth. The perturbation growth rates
Re(δ) corresponding to Fig. 4a are shown in Fig. 4b. In the semi-infinite bandgap, when
3.30 < μ < 3.40 with ε = 0.5 and 3.30 < μ < 3.43 with ε = 0.8 in Fig. 4a, where the
power of DSs is low, DSs are unstable because of Re(δ) > 0 (see Fig. 4b). Moreover,
when μ < – 4.10 with ε = –0.2, μ < –3.93 with ε = –0.5, and μ < –3.84 with ε = –0.8 in
Fig. 4a, where the power of DSs is high, DSs are also unstable (see Fig. 4b). As
an example, taking μ = – 4.65 with ε = –0.2 (point a in Figs. 4a and 4b), the profile of
a DS is displayed in Fig. 5a and its profile at z = 300 is shown in Fig. 5b. The DS at
z = 300 changes its original shape and place, which is in agreement with the growth
rate in Fig. 4b. When – 4.10 ≤ μ ≤ 3.40 with ε = –0.2 in Fig. 4a, where the power of DSs
is low, DSs are stable because of Re(δ) >/ 0 (see Fig. 4b). When – 3.93 ≤ μ ≤ 3.30 with
ε = –0.5 and – 3.84 ≤ μ ≤ 3.30 with ε = –0.8 in Fig. 4a, where the power of DSs is moderate, DSs are stable (see Fig. 4b). For example, for μ = – 0.12 with ε = –0.5 (point b
in Figs. 4a and 4b) and μ = 3.26 with ε = –0.8 (point d in Figs. 4a and 4b), Figs. 5c
and 5d show the profiles of DSs, respectively. In the first bandgap, DSs with ε = –0.2
and –0.5 can stably exist in the all the power regions (see Fig. 4b). For ε = –0.8, DSs
are stable in the region of 3.60 ≤ μ ≤ 8.70 corresponding to high power (see Fig. 4b)

356

y

JUANLI HUI et al.

7

7

0

0

–7

a
–7

y

0

7

7

0

0

c
–7

0

7

10

0

0

–10

0

x

10

7

d
–7

e

0

–7

10

–10

b
–7

7

–7

y

–7

0

7

f

–10
–10

0

10

x

Fig. 5. Profile of DS at point a in Fig. 4a with (ε, μ) = (–0.2, – 4.65) (a), and its profile at z = 300 (b).
Profiles of DSs at points b, c, d, e in Fig. 4a, with (ε, μ) = (–0.5, –0.12), (ε, μ) = (–0.5, 6.78), (ε, μ) =
= (–0.8, 3.26), and (ε, μ) = (–0.8, 8.29), respectively (c–f ). The DS in (a) is unstable, while the DSs
in (c–f ) are stable.

but unstable in the region of 8.70 < μ < 8.93 corresponding to low power (see Fig. 4b).
Taking μ = 6.78 with ε = –0.5 (point c in Figs. 4a and 4b) and μ = 8.29 with ε = –0.8
(point e in Figs. 4a and 4b), the profiles of the stable DSs are shown in Figs. 5e and 5f.
Finally, let us discuss the properties of DSs in optically induced kagome photonic
lattices with a defect in biased PP crystals. When the bulk photovoltaic effect is negligible, i.e., Ep = 0, our physical system becomes the physical system of DSs studied
previously in optically induced kagome photonic lattices with a defect in biased non-PP
crystals. In this case, Eqs. (1) and (5) lead to the same expressions (1) and (2) in [26],
in which DSs have been investigated in optically induced kagome photonic lattices
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with a defect in biased non-PP crystals. Moreover, substitution of Ep = 0 into Eqs. (7)
and (8) yields the same coupled equations to get Re(δ) in [26]. The above results
show that our theoretical model is correct. When the external bias field is absent, i.e.,
E0 = 0, our physical system becomes the physical system of DSs in optically induced
kagome photonic lattices with a defect in PP crystals. In this case, from Eqs. (1)–(8)
DSs can be obtained in optically induced kagome photonic lattices with a defect in
PP crystals.

4. Conclusion
In conclusion, we have investigated DSs and their stability in optically induced kagome
photonic lattices with a defect in biased PP crystals. We have shown that these DSs
exist only in the semi-infinite bandgap for a positive defect and both in the semi-infinite
bandgap and the first bandgap for a negative defect. Our analysis indicates that for
a positive defect, low-power DSs are stable and high-power DSs are unstable, and that
for a negative defect in the semi-infinite bandgap, low-power DSs are stable when the
negative defect depth is low but unstable when the negative defect depth is high, moderate-power DSs are stable when the negative defect depth is high, and high-power
DSs are unstable for the the negative defect depths; in the first bandgap, when the negative defect depth is low, DSs are stable in all the power regions and when the negative
defect depth is high, high-power DSs are stable and low-power DSs are unstable. We
have demonstrated that the stable region of these DSs decreases with an increase in
the positive defect strength and increases with the negative defect depth. The properties
of these DSs have been discussed and we have found that they are those studied previously in kagome photonic lattices with a defect in biased non-PP crystals when the
bulk photovoltaic effect is negligible and those in kagome photonic lattices with a defect in PP crystals when the external bias field is absent.
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