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Based on the extended Huygens–Fresnel principle, the cross-spectral density function of a partially 
coherent anomalous hollow beam (AHB) propagating in underwater oceanic turbulence has been 
derived. The average intensity of partially coherent AHB propagating in underwater oceanic tur-
bulence has been calculated. The influences of coherence length and the strength of underwater 
oceanic turbulence on the spreading properties of partially coherent AHB are illustrated and ana-
lyzed using numerical examples. It is found that the partially coherent AHB with smaller coherence 
length and the partially coherent AHB propagating in stronger underwater oceanic turbulence will 
lose the initial beam profile and evolve into the Gaussian beam faster. The results are useful in ap-
plications for underwater wireless optical communication.
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1. Introduction
The dark hollow beam has been widely studied due to its applications in laser optics, 
atoms optics and optical trapping of particle [1–3]. The propagation properties of 
a fully coherent dark hollow beam [2] and partially coherent controllable dark hollow 
beams in turbulent atmosphere [4] have been investigated. The flat-topped vortex 
hollow beam is another dark hollow beam, and its properties have also been widely 
studied [5–7]. With the development of laser technology, the anomalous hollow beam 
of elliptical symmetry with an elliptical solid core was generated in experiment, which 
provides a powerful tool for studying the linear and nonlinear particle dynamics in the 
storage ring [8]. Since then, the analytical model to describe the anomalous hollow 
beam (AHB) has also been introduced [9, 10]. The propagation properties of AHB 
propagating in free space, the optical system and turbulent media have been widely 
investigated [11–14] in past years.

The propagation analysis of laser beam in underwater oceanic turbulence is a hot 
topic, due to its potential applications in underwater wireless optical communication. 
Recently, the evolution properties of various beams in underwater oceanic turbulence 
have been widely studied, such as stochastic beams [15], radially polarized beam [16], 
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stochastic electromagnetic vortex beam [17] and stochastic electromagnetic beam [18], 
Gaussian Schell-model vortex beam [19], cylindrical vector beam [20], higher order 
mode laser beam [21], Lorentz and Lorentz–Gauss beams [22–24], four-petal Gaussian 
beams [25, 26], flat-topped vortex hollow beam [6, 27], pulsed beams [28, 29], linear 
array beam [30], Gaussian array beam [31–33], and radial phased-locked beam [34, 35].
However, to the best of our knowledge, the properties of partially coherent AHB prop-
agating in underwater oceanic turbulence have not been given. In this paper, the prop-
agation equations of partially coherent AHB in underwater oceanic turbulence have 
been derived, and the propagation properties of the beam have been investigated using 
the derived equation.

2. Propagation of partially coherent AHB  
in underwater oceanic turbulence

In the Cartesian coordinate system, the z-axis is set as the propagation axis, and the 
cross-spectral density function of a partially coherent anomalous hollow beam (AHB) 
of elliptical symmetry at the source plane z = 0 can be expressed as follows [36]:

 

(1)

where r10 = (x10, y10) and r20 = (x20, y20) represent the position vector at the source 
plane z = 0; w0x and w0y are the beam waist radius of the astigmatic Gaussian mode in 
the x- and y-axes, respectively; σx and σy denote the transverse coherence width in x- and
y-axes, respectively.

The cross-spectral density function of the partially coherent beam propagating in 
underwater oceanic turbulence can be expressed by the extended Huygens–Fresnel 
principle [19–34]

 

(2)

where k = 2π / λ is the wave number with  λ being the wavelength; r1 = (x1, y1) and 
r2 = (x2, y2) denote the position vector at the receiver plane z; ψ (r0, r) is the complex 

W r10 r20 0, ,( ) 2–
8x10

2

w0x
2

--------------
8y10

2

w0y
2

---------------+ +
 
 
  x10

2

w0x
2

------------–
y10

2

w0y
2

------------–
 
 
 

exp

2–
8x20

2

w0x
2

--------------
8y20

2

w0y
2

---------------+ +
 
 
  x20

2

w0x
2

------------–
y20

2

w0y
2

------------–
 
 
  x10 x20–( )2

2σx
2

--------------------------------–
y10 y20–( )2

2σy
2

---------------------------------–expexp×

=

W r1 r2 z, ,( ) k 2

4 π2 z2
-------------------- W r10 r20 0, ,( )

ik
2z

--------- r1 r10–( )2 ik
2z

--------- r2 r20–( )2+– ψ r10 r1,( ) ψ * r20 r2,( )+[ ]exp dr10dr20exp×

∞–

+∞


∞–

+∞


∞–

+∞


∞–

+∞

=



Average intensity of a partially coherent anomalous hollow beam... 229

phase perturbation due to the underwater oceanic turbulence. In Eq. (2), the last term 
can be written as 

 

(3)

In the above equation, we can define 

and κ represents the spatial frequency, and Φ(κ) is the spatial power spectrum of un-
derwater oceanic turbulence, which can be written as 

(4)

where ε denotes the rate of dissipation of kinetic energy per unit mass of fluid, which 
varies from 10–1 to 10–10 m2s–3; χT denotes the rate of dissipation of mean-squared 
temperature taking the range from 10–4 to 10–10 K2s–1; ς represents the ratio of tem-
perature and salinity fluctuations to underwater oceanic turbulence, varying in the rage 
from –5 to 0, 0 value corresponding to the case when salinity-driven turbulence prevails,
and –5 value corresponding the case when temperature-driven turbulence dominates. 
And η = 10–3 is the Kolmogorov microscale (inner scale), and AT = 1.863 × 10–2, 
AS = 1.9 × 10–4, ATS = 9.41 × 10–3, δ = 8.284(κη)4/3 + 12.978(κη)2.

Submitting Eq. (1) into Eq. (2), we can derive
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where: 

(6)

(7)

(8)
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(13)

(14)

with

     ( β = x, y) (15)

(16)

(17)

In the derivations of the above equations, the following integral formula have been 
used [37]: 

I8
π
ax

---------
1
ax

--------- ik
2z

--------- x1

x1 x2–

2ρ0
2

---------------------–
 
 
 2

π
bx

--------- 2
2–
i

2 cx
2

bx

---------
 
 
  1

bx

--------
 
 
 

H2

icx

bx

---------------–
 
 
 

expexp

π
ay

--------- 2!
1
ay

---------
 
 
 2

1
ay

--------- ik
2z

--------- y1

y1 y2–

2ρ0
2

---------------------–
 
 
 2

exp× 1
l! 2 2l–( )!

-----------------------------
ay

4
---------
 
 
 l

l 0=

1



2 2l–( )!
s! 2 2l– s–( )!

-------------------------------------- ik
2z

--------- y1

y1 y2–

2ρ0
2

---------------------–
 
 
 2 2 l– s–

1

2σy
2

-------------- 1

ρ0
2

---------+
 
 
 s

π
by

--------- 2
s–
i

s×

s 0=

2 2 l–

×

cy
2

by

---------
 
 
  1

by

---------
 
 
 0.5s

Hs

icy

by

---------------–
 
 
 

exp

=

I9
π
ax

---------
1
ax

--------- ik
2z

--------- x1

x1 x2–

2ρ0
2

---------------------–
 
 
 2

π
bx

---------
cx

2

bx

---------
 
 
 

expexp

π
ay

--------- 2!
1
ay

---------
 
 
 2

1
ay

--------- ik
2z

--------- y1

y1 y2–

2ρ0
2

---------------------–
 
 
 2

exp× 1
l! 2 2l–( )!

-----------------------------
ay

4
---------
 
 
 l

l 0=

1



2 2l–( )!
s! 2 2l– s–( )!

-------------------------------------- ik
2z

--------- y1

y1 y2–

2ρ0
2

---------------------–
 
 
 2 2 l– s–

1

2σy
2

-------------- 1

ρ0
2

---------+
 
 
 s

π
by

--------- 2
2 s––

i
2 s+×

s 0=

2 2 l–

×

cy
2

by

---------
 
 
  1

by

---------
 
 
 0.5 2 s+( )

H2 s+

icy

by

---------------–
 
 
 

exp

=

aβ
1

w0β
2

------------ 1

2σβ
2

------------ ik
2z

---------
1

ρ0
2

--------- ,+ + +=

bβ
1

w0β
2

------------ 1

2σβ
2

------------ ik
2z

---------– 1

ρ0
2

---------
1
aβ

--------- 1

2σβ
2

------------ 1

ρ0
2

---------+
 
 
 2

–+ +=

cβ
1
aβ

--------- ik
2z

---------β1

β1 β2–

2ρ0
2

---------------------–
 
 
  1

2σβ
2

------------ 1

ρ0
2

---------+
 
 
  β1 β2–

2ρ0
2

---------------------
ik
2z

---------β2–+=



Average intensity of a partially coherent anomalous hollow beam... 233

(18)

(19)

Equations (5)–(17) are the main obtained equations of this paper. The propagation 
properties of the partially coherent AHB in underwater oceanic turbulence can be sim-
ulated using the derived equations.

3. Numerical simulations and discussions
The
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Fig. 1. Normalized intensity of a partially coherent circular AHB propagating in underwater oceanic tur-
bulence; z = 20 m (a), z = 80 m (b), z = 160 m (c), and z = 200 m (d).

 average intensity properties of partially coherent AHB propagating in underwater 
oceanic turbulence are illustrated and analyzed in this section. In the following numer-
ical calculations, unless specified otherwise, the parameters of partially coherent AHB 
and underwater oceanic turbulence are chosen as λ = 417 nm, w0x = w0y = w0 = 1 cm, 
σx = σy = σ = 1 cm, χT = 10–8 K2s–1, ε = 10–7 m2s–3, and ς = –2.5.
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The normalized average intensity and contour graphs of a partially coherent circu-
lar and elliptical AHB propagating in underwater oceanic turbulence are illustrated in 
Figs. 1 and 2
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Fig. 2. Normalized intensity of a partially coherent elliptical AHB propagating in underwater oceanic tur-
bulence; z = 20 m (a), z = 80 m (b), z = 150 m (c), and z = 200 m (d).

, respectively. And the parameters in Fig. 2 are chosen as w0x = 1 cm and 
w0y = 1.3 cm. At the short propagation distance, the beam profiles (hollow beam with 
a solid core) of a partially coherent circular and elliptical AHB are kept the same as 
the beam at the source plane [35]. As the propagation distance increases, the partially 
coherent AHB propagating in underwater oceanic turbulence will lose its solid core, 
and evolve into the Gaussian beam (Figs. 1d and 2d) at a longer propagation distance. 
One can also see from Fig. 1 that the partially coherent circular AHB can become the 
flat-topped beam (Fig. 1c), before the beam evolves into the Gaussian beam. From the 
previous reports [38], we know that the flat-topped beam propagating in random media 
will evolve into the Gaussian beam as the propagation distance increases.

The influences of coherence length σx = σy = σ on the propagation properties of 
a partially coherent circular AHB propagating in underwater oceanic turbulence are 
shown in Fig. 3. One sees from Fig. 3 that the fully coherent AHB propagating in un-
derwater oceanic turbulence will lose its initial beam profile slower than the partially 
coherent AHB with smaller coherence length. So, the fully coherent AHB should be 
chosen as the beam profiles of AHB are needed in underwater environment.

In order to investigate the influences of underwater oceanic turbulence on the average
intensity of a partially coherent AHB, Figs. 4–6 show the cross-sections of normalized 
intensity of a partially coherent circular AHB with σx = σy = 1 mm propagating in un-
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Fig. 3. Cross-sections of normalized intensity of a partially coherent circular AHB propagating in under-
water oceanic turbulence for different σ; z = 20 m (a), z = 60 m (b), z = 150 m (c), and z = 200 m (d).

 oceanic turbulence for different χT , ε, and ς, respectively. One sees from Fig. 4
that the partially coherent AHB propagating in underwater oceanic turbulence with 
larger χT will lose its initial beam profile at the short propagation distance (Fig. 4a
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Fig. 4. Cross-sections of normalized intensity of a partially coherent circular AHB propagating in under-
water oceanic turbulence for different xT ; z = 20 m (a), and z = 100 m (b).

–5 5

); 
with increasing propagation distance, partially coherent AHB will gradually lose its 
initial beam profile and evolve into the Gaussian beam as the underwater oceanic tur-
bulence χT increases. The phenomena can be explained that the strength of underwater 
oceanic turbulence will become stronger as the underwater oceanic turbulence χT in-
creases. From Figs. 5 and 6, it is also found that the partially coherent AHB propagating 
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in underwater oceanic turbulence with smaller ε (Fig. 5a
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Fig. 5. Cross-sections of normalized intensity of a partially coherent circular AHB propagating in under-
water oceanic turbulence for different ε; z = 80 m (a), and z = 120 m (b).
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) or larger ς (Fig. 6a
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Fig. 6. Cross-sections of normalized intensity of a partially coherent circular AHB propagating in under-
water oceanic turbulence for different ς; z = 40 m (a), and z = 120 m (b).

) will lose 
its initial beam profile at the short propagation distance, and the beam will evolve into 
the Gaussian beam faster with the ε decreasing or ς increasing at the beam propagation 
in underwater oceanic turbulence. The spreading properties of partially coherent AHB 
propagating in underwater oceanic turbulence can be characterized by the fact that the 
beam propagating in stronger underwater oceanic turbulence (the increase of under-
water oceanic turbulence parameters χT and ς or the decrease of underwater oceanic 
turbulence parameter ε) will lose its initial beam profile and evolve into the Gaussian 
beam faster.

4. Conclusions
The cross-spectral density function of a partially coherent AHB propagating in under-
water oceanic turbulence has been derived, and the evolution properties of average in-



Average intensity of a partially coherent anomalous hollow beam... 237

tensity for a partially coherent AHB propagating in underwater oceanic turbulence 
have been illustrated and analyzed based on the derived equations. The results show 
that the partially coherent AHB propagating in underwater oceanic turbulence will lose 
its solid core, and evolve into the Gaussian beam as the propagation distance increases; 
and the partially coherent AHB with smaller coherence length will evolve into the 
Gaussian beam more rapidly. And it is also found that the partially coherent AHB prop-
agating in stronger underwater oceanic turbulence (the increase of underwater oceanic 
turbulence parameters χT and ς or the decrease of underwater oceanic turbulence pa-
rameter ε) will lose its initial beam profile and evolve into the Gaussian beam faster.
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