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The metamaterial with an effective permeability and/or permittivity tensor having elements of
different magnitudes and signs is termed as the anisotropic metamaterial. The hyperbolic metama-
terial may be considered as a subclass of the anisotropic metamaterial. The dispersion relation for
the transverse magnetic surface waves at the interface between a nonlinear dielectric material and
an anisotropic metamaterial is derived using the parallel uniaxial approximation of the permittivity
tensor. This dispersion relations can be linearized by taking the nonlinear coefficient to be zero.
Dispersion curves are plotted for both the linear and the nonlinear cases and are analyzed and com-
pared in different frequency regions.
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1. Introduction

Metamaterials are artificially engineered subwavelength composites offering a wide
range of material parameter choices that do not occur in nature [1]. Their conceptual
and subsequent experimental development in the recent past has inspired the scientists
to think of novel possibilities in science and technology. There are different types of
metamaterials, including the negative refractive-index metamaterials, the chiral meta-
materials, the hyperbolic and the anisotropic metamaterials etc. [2–5]. The anisotropic
metamaterials are characterized by the effective permittivity and/or permeability tensors
with components different in magnitudes and signs [5–13]. These are under consider-
able theoretical and experimental investigations these days due to their potential appli-
cations such as antireflectors [6], negative refraction and superlensing effects [7–10]
optical fibre guiding structures [11], invisibility cloaks and many others [12]. When
the permeability is isotropic and the effective permittivity tensor is uniaxial, then its
components are either parallel or perpendicular to the optical axis. The signs of these
parallel and perpendicular components may or may not be the same. If these are of
opposite signs, we have the hyperbolic metamaterials. The nomenclature comes from
the hyperbolic isofrequency curves of these metamaterials. These hyperbolic metama-
terials are generally subwavelength metal-dielectric multilayer structures or graphene
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based nanostructures. These are under intensive investigations these days because of
their astonishing properties which have got applications in the field of negative refrac-
tion, subwavelength imaging and holography [14–21]. An important application of the
hyperbolic metamaterials is in the field of surface waves. Surface waves are important
because of their sensitivity and field localization that lead to immense applications.
There have been a lot of studies on the nature and character of surface waves in hyper-
bolic metamaterial and in anisotropic metamaterial in general [22–24]. These include
the very recent study of surface plasmon-polaritons at the interface of two different
anisotropic metamaterials formed by stacking metal-dielectric layers [22]. After the
pioneering work on the Dyakonov surface waves [25], their different types and forms
have also been studied and analyzed at the interfaces between uniaxial metamaterial
and dielectric material [26–30]. The investigations into the formation and character-
istics of surface waves at the interface of an anisotropic hyperbolic metamaterial and
a doped semiconductor material have also been carried out [31]. The existence regimes
of various types of surface waves at the interface of a dielectric and an anisotropic meta-
material have also been explored [32]. Generally, the inclusion of nonlinearity leads
to the formation regions of surface waves for frequencies where linear surface waves
do not exist. The nonlinear surface waves are also used to engineer the group velocity
and to change the handedness (i.e. from left handedness to right handedness and vice
versa) [33]. Here we consider the interface between a dielectric and an anisotropic
metamaterial. The anisotropic metamaterial under consideration is merely a subwave-
length metal-dielectric multilayer structure whose filling factor decides its anisotropic
or hyperbolic behavior in a particular frequency region. For a given choice of the filling
factor, the dispersive behavior depends on the frequency region. Here, the problem is
set in a general way and the anisotropic metamaterial is treated on the frequency scale
in which it shows the hyperbolic type I, type II and simple anisotropic behaviors. We
investigate the existence of linear and nonlinear surface waves for the transverse mag-
netic (TM) polarized waves at the interface under consideration. In the case of nonlin-
ear TM surface waves, the analytical solutions in different types of media have been
discussed previously under various approximations [34–39]. Here we have applied one
such approximation known as the uniaxial parallel approximation to study the forma-
tion of surface modes at the interface between a nonlinear dielectric material and
an anisotropic metamaterial. This approximation is applied previously to study the
nonlinear surface waves at the interfaces of linear and/or nonlinear dielectric material
and a very recent study on nonlinear surface waves in photonic hypercrystals [33]. Our
treatment is the general one that includes different types of anisotropic metamaterials
and also studies on both linear and nonlinear cases under the uniaxial approximation.
Such a treatment is not present in the literature to the best of our knowledge. The dis-
persion relation is derived and the corresponding curves are plotted for different pa-
rameters. Initially the nonlinear coefficient is taken to be zero and curves are plotted
for the linear dispersion relation. Then the nonlinear dispersion curves are plotted and
comparison is made with the linear dispersion curves in different frequency regions.
The effect of material losses is considered in the end.
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2. Mathematical model

Here we consider the interface at z = 0, between a nonlinear dielectric (z < 0) and an an-
isotropic metamaterial (z > 0) as shown schematically in Fig. 1. Since we are consid-
ering the surface waves propagating along the x direction, the electric and magnetic
fields can be specified as

(1a)

(1b)

For the TM polarized waves in the present geometry, Ey = Ηx = Ηz = 0 and for z < 0,
the nonlinear TM waves are characterized by the following 2 × 2 subtensor of electric
permittivity

(2)

The above permittivity tensor can be discussed under various approximations, here
we consider the parallel uniaxial approximation [37] according to which: 

αxx = α, αxz = αzx = αzz = 0, εx = εz = ε (3)

The nonlinear refractive index is given as 

 (4)

and the nonlinear coefficients are related as 

(5)
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Fig. 1. Schematic diagram of the interface between the dielectric and the hyperbolic metamaterial. 

E r t  E z  i kx x ωt– exp=

H r t  H z  i kx x ωt– exp=

εTM εx αxx Ex
2 αxz Ez

2+ + 0

0 εz αzz Ez
2 αzx Ex

2+ +
=

n ε nnl E 2+=

α 2 ε nnl=



476 M.Z. ALI
It is appropriate to consider the parallel uniaxial approximation for the surface waves
since it allows the nonlinearity to be effective in the transverse direction (along the
x-axis in the present case). So the permittivity tensor becomes:

(6)

Starting with Maxwell’s equations:

(7)

The following set of equations is obtained:

(8a)

(8b)

(8c)

Eliminating Ez and Ηy among the set of equations, we get an equation in Ex 

(9)

where we have used c2 = 1/(ε0 μ0), and  where k is the magnitude of the
wave vector inside the material and kx and kz being its components in the indicated
directions. The above equation has an analytic solution [39]

(10)

where zc is the constant of integration to be determined by the boundary conditions. Now
since:

(11)

Substituting Ex from (10) in the above equation and performing integration

(12)

For z > 0, we have an anisotropic metamaterial consisting of subwavelength layers
of a metal with permittivity εm and layer width dm and a dielectric material with electric
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permittivity εd and layer width dd. Its effective normal and tangential components are
represented by εn and εt, respectively, and by using the effective medium theory they
come out to be:

(13a)

(13b)

(13c)

It means that the permittivity matrix in the hyperbolic metamaterial can be written as

(14)

Αgain stating from Maxwell’s equations for TM polarization, the tangential com-
ponent of the electric field follows the equation 

(15)

Since we are looking for the waves that are localized on the x-axis and decay in
the z direction, so the assumed solution for the above equation is

Ex(z) = E0exp(–βz) (16)

where E0 is the amplitude of the incident field and

(17)

Since

(18)

the tangential component of the magnetic field, i.e. Ηy, comes out to be:

(19a)

(19b)
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Now applying the boundary conditions, i.e. equating the tangential components of
electric and magnetic fields at z = 0, from the balance of the electric field equations
we get

(20)

Balancing the magnetic fields and making substitution from the above equation,
after simplifications we get

(21)

where

(22)

In the limit α  0, Α  l and the relation (21) it reduces to the linear dispersion
relation [31]

3. Results and discussions

Now we use Eq. (21) to investigate the various characteristics of the dispersion relation.
There can be various choices for the dielectric material and the constituents of the ani-
sotropic metamaterial. For the present computational work, the following parameters
are chosen in the mid infrared frequency range: for z < 0, Αl2O3 is considered to be the
nonlinear dielectric with linear refractive index n0 =  = 1.8 and nonlinear coefficient
nnl = 2.9 × 10–14 cm2W–1 [40]. For z > 0, the anisotropic metamaterial consists of
alternate nanometer sized layers of silver with permittivity 

  and a dielectric (Αl0.48In0.52Αs) with permit-
tivity εd = 10.23. The material losses can be safely neglected in the present case as the
damping coefficient γ is much smaller than the frequency range of interest. So, the linear
and nonlinear dispersion relation curves are drawn by taking γ = 0, however the effect
of material losses is considered lastly by taking the actual value of γ to plot the figure
of merit (FOM) and the extinction coefficient curves of the lossy metamaterial.

First we draw the effective parameters curves of the anisotropic metamaterial. Fig-
ure 2 shows the effective transverse permittivity εt (blue curves) and the effective nor-
mal permittivity εn (red curves) as a function of dimensionless frequency (W = ωd /c)
for three different values of the filling factor p given in the figure captions. The whole
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Fig. 2. The plots of the normal εn (red curve) and the tangential εt (blue curve) components of the permit-
tivity tensor for different values of the filling factor p = 0.2 (a), p = 0.4 (b), and p = 0.6 (c). 
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behavior can be divided into three anisotropic regions: the frequency region with εt < 0,
εn > 0 corresponds to type II hyperbolic behavior, εn < 0, εt > 0 corresponds to type I
hyperbolic behavior whereas in the third anisotropic region both components of the
permittivity tensor are positive but unequal in magnitude. The figures show that the three
regions are dependent on the filling factor and can be engineered by changing the filling
factor of the metamaterial.

Figure 3 shows the Κx vs. Κz (Κx = kxd  and Κz = βd ) plots for a particular choice
of the filling factor p = 0.4. Figure 3 corresponds to the cases when the metamaterial
behaves as anisotropic hyperbolic type II at W = 0.3, simple anisotropic at W = 0.7,
and anisotropic hyperbolic type I metamaterial at W = 0.9.

Initially we have plotted Eq. (21) by taking the nonlinear coefficient α equal to zero.
Figure 4 shows the dispersion curves of the linear surface waves for three different values
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Fig. 4. The linear dispersion relation, i.e. the plots between W and Κt (blue curves) for different values
of the filling factor p = 0.2 (a), p = 0.4 (b), and p = 0.6 (c). The red line is the light line. 
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of the parameter given in the figure captions. We explain the three curves one by one.
Figure 4a is plotted for p = 0.2. The red line shows the light line. In the frequency region
W < 0.4, where the metamaterial is behaving as type II hyperbolic metamaterial, there
is the usual plasmon-polariton mode which lie away from the light line which means
it cannot be directly excited by the external radiation. In the frequency region 0.4 < W
< 1.0, where the metamaterial is simple anisotropic, there is another mode which lies
partially inside the light line indicating that it can directly be excited by the incident
radiation in this region. It is interesting to note that in the region 1.0 < W < 1.2, the
part of the mode which lies outside the light line is left-handed (dW/dKx < 0). In this
frequency range, the metamaterial is type I hyperbolic metamaterial. For the frequency
range W > 1.2, where the metamaterial is anisotropic, there is another mode outside
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Fig. 5.  The nonlinear dispersion relation, i.e. the plots between W and Κt (blue curves) corresponding to
p = 0.6 for different values of the normalized incident intensity I = 1.5 (a), I = 3 (b), I = 4 (c), and I = 5 (d).
The red line is the light line.
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the light line which is partially left-handed (dW/dKx < 0) and partially right-handed
(dW/dKx > 0). This mode is seen to move slightly towards the higher wave vector values
as the filling factor increases in Fig. 4b ( p = 0.4) and Fig. 4c ( p = 0.6). Other modes
also shift on the frequency region by changing the filling factor as the behavior of the
metamaterial is affected as shown in Figs. 4b and 4c.

Next figures show the dispersion relations of the nonlinear surface waves. In Fig. 5,
relation (21) has been plotted for different values of the normalized incident intensity
(I = |E0 |2α) for a particular value of the filling factor (p = 0.6). If we compare Fig. 5a
with Fig. 4c (showing dispersion relation of the linear surface waves for the same filling
factor), it is clear that the lower plasmon-polariton mode lying in the frequency range
W > 0.7, and the upper mode lying in the frequency range W > 1.5, are almost unaltered
for this value of intensity (I = 0.5),whereas the intermediate mode has straightened to
a line. When we move to a slightly higher value of intensity in Fig. 5b, we see that the
nonlinearity has given birth to a new mode inside the light line which lies in the frequency
region 1.2 < W < 1.5. This mode is partially left-handed and partially right-handed.
The upper mode has also shifted to the lower wave vector value. In Fig. 5c that has
been plotted for a still higher value of intensity (I = 4), the intermediate mode expands
on the frequency as well as on the wave vector scale whereas the upper mode shifts
towards the lower value of the wave vector. The lower plasmon-polariton mode re-
mains unaltered. In the last figure (Fig. 5d), we see that due to the higher value of in-
tensity, the upper and the intermediate modes merge and give rise to two new modes.
One lying in the frequency range 1.2 < W < 1.7 which lies partially inside and partially
outside the light line and is right-handed. The other lies completely inside the light line
in the frequency range W > 2.0 and is right-handed. The lower surface plasmon-polar-
iton mode remains unaltered by the incident intensity.

Lastly we consider the effect of material losses on the propagation length of the
surface waves by drawing the figure of merit (FOM) curves of the lossy hyperbolic
metamaterial. The figure of merit generally refers to the performance criteria of a given
model and for the surface waves can be defined as Re(ετ)/Im(ετ) at a given frequency
for the lossy medium [41]. It is an indirect measure of the propagation length of the sur-
face waves along the interface under consideration. In Fig. 6a, the FOM curves are plot-
ted as a function of frequency for different values of the filling factor p. The figure shows
that the value of FOM increases as the frequency increases for a given value of p. How-
ever, for a given value of frequency, the smaller the value of p, the higher is the value
of FOM. This is quite obvious since smaller value of p refers to a smaller content of the
lossy metal in the hyperbolic metamaterial. Αnother parameter that is used to consider
the effect of the material losses is the dimensionless extinction coefficient defined as
ξ = Im(kn)d, where kn is the wave vector component perpendicular to the interface under
consideration. The intensity of the surface waves inside the lossy metamaterial decreases
proportional to Α(z) = exp(–2zξ /d ). This parameter is an indirect measurement of the
skin depth of the lossy hyperbolic metamaterial. In Fig. 6b, Α(z) is plotted as a function
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of z for W = 2.0. The figure shows that the intensity falls very rapidly perpendicular
to the interface inside the lossy metamaterial indicating very well confined surface
waves along the interface.

In conclusion, the linear and nonlinear TM surface waves at the interface between
a dielectric material and an anisotropic metamaterial have been investigated. For the
linear surface waves, the dispersion curves are plotted for different values of the filling
factor. It is found that the change in filling factor affects the location of the modes on
the frequency as well as on the wave vector axes. For the nonlinear surface waves, the
intensity significantly affects the nature and location of the upper and the intermediate
surface modes whereas the lower surface plasmon-polariton mode remains unaltered.
So these linear and nonlinear surface waves can be engineered by the choice of the
filling factor of the anisotropic metamaterial and the intensity of the incoming radia-
tion. The effect of material losses is also considered by plotting the figure of merit and
intensity profile curves perpendicular to the interface inside the lossy metamaterial.
Lastly, it is important to mention that the calculations and results presented here are
obtained under parallel uniaxial approximation for the permittivity tensor and are ap-
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plicable for a particular choice of parameters. So in order to broaden the scale of the
investigation, we hope to repeat the calculations under perpendicular uniaxial and iso-
tropic approximation of the permittivity tensor.
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