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The influence of spontaneously generated coherence and relative phase of laser fields on optical
bistability in a three-level atomic medium under electromagnetically induced transparency was
studied by using a density matrix theory. An input-output intensity relation of a probe laser field is
derived as an analytical function of parameters of a controlling light field, the relative phase, and
the spontaneously generated coherence. This function can be fitted with experimental values to be
a semi-empirical model which is helpful for finding related applications. It is shown that thresholds
and width of the optical bistability hysteresis loop can be manipulated with the controllable pa-
rameters. On the other hand, the influence of population relaxation between two ground hyperfine
levels on the optical bistability behavior is significant for small coupling field intensity. 
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ence.

1. Introduction

The optical bistability (OB) is one of the most interesting topics in nonlinear optics
because of its potential applications in both optical sciences and photonic technology,
as all-optical switching, all-optical memories, optical transistors, and all-optical logic
gates and processors. In the early years of OB research concerning resonant atomic
media, a great interest was focused on a two-level system [1–3]. Although the usual
OB behaviors of the two-level atomic system were observed experimentally, there is
still no applications due to only one optical field being employed for both applying
and switching fields, thus the lack of control for switching intensity thresholds. 



510 DOAI LE VAN et al.
The advent of electromagnetically induced transparency (EIT) [4] was provided
by media with interesting properties which have promoted an impressive progress in
OB research. Owing to controllable optical properties and giant Kerr nonlinearity [5, 6],
both the switching intensity thresholds and the width of the OB loop can be controlled
and reduced significantly [7–11]. It has been shown that the OB behaviors can be con-
trolled by either the intensity or the frequency of applied fields. Several reviews on
the OB research concerning the EIT media give a deeper insight into the topic and pro-
vide lists of original references [12]. 

Among various sources that generate quantum interferences, there is a mechanism
arising from the spontaneous emission processes in atomic/molecular systems with
nonorthogonality of electric dipole moments induced by coherent fields. Such inter-
ference creates an additional atomic coherence which is called as spontaneously gen-
erated coherence (SGC) [13], resulting in the modification of the medium response.
In these regards, the effects of SGC on the optical steady-state behaviors in atomic sys-
tems were investigated for lasing without inversion (LWI) [14], absorption and dis-
persion [15], slow light [16], enhancement of Kerr nonlinearity [17] and pulse
propagation [18]. It has been shown that the atomic responses under SGC are sensitive
to the relative phase of the applied fields [18, 19].

So far, the influence of SGC on the OB in the three-level Λ-type [20–22], cascade
-type [23], and V-type [24, 25] atomic systems was investigated numerically. Numer-
ical methods are powerful for studying dynamic processes. However, finding analytical
models for representation of the EIT spectrum [26–28] and related applications (e.g.,
EIT enhanced Kerr nonlinearity [29, 30], OB [31], controlling group velocity [32]) is
of special interest due to its’ usefulness. Among the analytical works, nevertheless,
there is still lack of analytical representation of OB under the presence of SGC and the
relative phase of the interacting light fields. In order to fill this gap, in this work, we
develop the analytical model for OB in a three-level Λ-type atomic medium under the
presence of the SGC and the relative phase of the interacting fields by using a semi-clas-
sical theory and density matrix formalism. Using the model, the influence of the SGC
and the relative phase on characteristics of the OB is investigated. 

2. Theoretical model 

We consider a medium of length L containing N three-level atoms placed in a unidi-
rectional ring cavity as shown in Fig. 1, which is the same as in [20]. For a simplicity,
we assume that both M3 and M4 mirrors are perfectly reflective, whereas both M1 and
M2 mirrors are the same, and each has a reflectivity R and transitivity T, with R + T = 1.
The medium is excited via the three-level lambda scheme as in Fig. 2a. A strong cou-
pling laser with frequency ωc drives the transition  and the weak probe laser
with frequency ωp drives the transition  The induced transition dipole mo-
ments align as in Fig. 2b. In the ring cavity, a part of the probe field Ep is circulated
in the cavity but not the coupling field Ec.

2  3 
2  1  .
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Under the slowly varying envelop approximation, the dynamical response of the
medium for the probe field is governed by the following wave propagation equation [20]:

(1)

where, c and ε0 are the speed of light and permittivity of free space, respectively, P(ωp)
is the induced polarization of the transition  given by

(2)

where d21 denotes the electric dipole moment, and ρ21 is the corresponding density ma-
trix element.

Under the steady-state regime, the time derivative in Eq. (1) is set to zero, thus, by
substituting Eq. (2) into Eq. (1), we obtain the following relation:
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Fig. 1. Schematic setup of a unidirectional ring cavity containing a three-level sample;  and  denote
the incident and transmitted probe field, respectively; Ec represents the coupling field that is not circulated
inside the cavity. Both the coupling and probe beams co-propagate almost collinearly along the atomic cell.
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Fig. 2. Three-level lambda excitation scheme (a), and the transition dipole moments induced by the cou-
pling and probe laser fields (b).
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For a single circulation of the probe field in the cavity, we denote the probe field at
the beginning and at the end of the sample as Ep(0) and Ep(L), respectively (see Fig. 1).
For a perfectly tuned cavity, the boundary conditions in the steady state for the incident
and transmitted probe fields are given by [20]:

(4)

(5)

The second term in the right-hand side of Eq. (5) describes the feedback from the
mirror, which is an essential requirement for generating OB. By normalizing the inci-
dent and transmitted probe fields as:

(6a)

(6b)

we obtain the following OB equation for the probe field:

(7)

where 

(8)

is the cooperation parameter of the atomic medium placed in the ring cavity. 
Under the dipole and rotating wave approximations, the dynamics of the system is

represented by the following density matrix equations: 

(9)
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where  and  are Rabi frequencies induced by the laser
fields. We set Ω1 = Ωpexp(iΦp) and Ω2 = Ωcexp(iΦc) with Ωp and Ωc being real pa-
rameters; Φp and Φc represent phase of the probe and coupling fields, respectively;
Γ21 and Γ32 are the decay rate from the state  to state  and from the state  to
state  respectively; Γ31 represents the rate of population relaxation between two
hyperfine levels of the ground state,  and    and

 Δp = ωp – ω21 and Δc = ωc – ω23 are frequency detunings of the
coupling and probe laser fields, respectively; γkl is represented with the decay rates Γkl
from state  to  by the following formula:

(15)

It should be noted that the term  represents the SGC result-
ing from the cross coupling between the spontaneous emissions of the transitions

 and  p = d21 ꞏ d23 / |d21| |d23| = cosθ with θ being the angle between
the two dipole moments, Φ = Φp – Φc is the relative phase between the probe and the
coupling fields. 

Under the steady regime, after several calculations for Eqs. (9)–(14), we derived
the coherence term ρ21 as

(16)

where  and  are the complex conjugates of  and  respectively, and

(17)

(18)

Ω1 d21 Ep /h= Ω2 d23 Ec /h=

2  1  2 
3 ,

1  3 ; γ21 iΔp γ21,–= γ23 iΔc γ23–=
γ31 i Δp Δc–  γ31;–=

k  l 

γkl
1
2

------- Γkj

Ej Ek
 Γlm

Em El
+

 
 
 
 

=

p iΦ  Γ21Γ23 ρ22exp

2  1  2  3 ;

ρ21 i Ωc A f1 Ωp f2+ 

2 γ 21
* A123

* A123 A31 A31
*–  Ωc A21 A123

* A31 A21
* A23 A123

*–+ – f3

Ωc A31 A23
* A21 A123

* A31 A21
*–– –











 1–



=

Aijk
* γ i j

* Aijk γ i j,

f1 A31
* A123+ 

2 γ 21
* A123

* A123 A31 A31
*–  Ωc A21 A123

* A31 A21
* A23 A123

*–+ –

Ωc A31
* A23 A31

* A123 A31
* A21–– 

------------------------------------------------------------------------------------------------------------------------------------------------------------

A31 A123
*+ –

=

f2 A123
* A123 A31 A31

*–  A123 A123
* A31

* A31– 

2 γ 21
* A123

* A123 A31 A31
*–  Ωc A21 A123

* A31 A21
* A23 A123

*–+ –

Ωc A31
* A23 A21

* A123 A31
* A21–– 

------------------------------------------------------------------------------------------------------------------------------------------------------------

–=



514 DOAI LE VAN et al.
(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

3. Analysis of OB properties 

In principle, the OB equation (7) in which the matrix element ρ21 determined by
Eq. (16) can be employed to any atomic or molecular systems, has spectroscopic struc-
ture as in Fig. 2. As an illustration, we have applied it to the case of cold atomic medium
of 87Rb, where Doppler effect can be ignored. In this case, the states   and 
are chosen as 5S1/2(F = 1), 5P3/2(F' = 2) and 5S1/2(F'' = 2), respectively; the decay rates
given by [33] are: Γ21 = Γ23 = 6γ = 6 MHz, and Γ31 = 0.003γ.

First of all, we considered the influence of SGC by making a surface plot of the
input-output fields vs. the interference parameter p when keeping the relative phase at
Φ = 0, as in Fig. 3a. Also, OB curves determined at specific values of the parameter p
are plotted in Fig. 3b. It is clear that both OB width and switching thresholds increase
with a growing value of the parameter p. To explain this propensity, we plotted the ab-
sorption vs. p as in Fig. 4. It shows that the absorption is grown as the SGC increases,
which leads to increasing the needed value to attain the particular switching thresholds. 
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Next, we studied the influence of the relative phase Φ by plotting the OB surface
and OB curves at specific values of Φ, as shown in Fig. 5. The switching thresholds
and width of OB depend periodically on the relative phase with a period 2π. This be-
havior can be explained by noting the variation of the probe absorption (Imρ21) vs. the
relative phase, as in Fig. 6. It can be seen that the absorption is also changed periodi-
cally with the same period. As indicated in [2], such a change of absorption is a reason
for the periodical change of the OB width and thresholds. Indeed, Figs. 5a and 6 show

Fig. 3. Surface plots of input-output intensity relation vs. the parameter p when Φ = 0, Ωc = 4γ, Δc = 0,
Δp = 4γ, and C = 80γ (a); OB curves at specific values of the parameters p (b). 
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1.0

0.8

0.6

0.4

0.2

0.0
0.0 0.2 0.4 0.6 0.8 1.0

A
b

so
rp

tio
n

p



516 DOAI LE VAN et al.
that the biggest absorption (attains at Φ = 3π/2) or smallest absorption (attains at Φ = π)
correspond to the largest OB or smallest OB width, respectively. 

The variations of the input-output fields vs. the probe frequency detuning (with the fixed
values Ωc = 4γ, Δc = 0, p = 0.9, Φ = 0, and C = 80γ) are shown in Fig. 7a. The OB curves
at specific values of Δp are also plotted in Fig. 7b. There is no OB behavior when
Δp = 0 because of the zero nonlinearity (see [29]). However, both the OB width and
switching thresholds increase when Δp varies from 0 to –2γ, and they are decreased
when Δp varies from –2γ to –10γ.

Fig. 5. Surface plots of OB vs. the relative phase Φ when p = 0.9, Ωc = 4γ, Δc = 0, Δp = 4γ, and C = 80γ (a);
OB curves at specific values of the relative phase (b).
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Due to the symmetry of the nonlinear curve over the point Δp = 0 (see [29]), the
OB behaviors in positive detuning are similar to those in negative detuning, as shown
in Fig. 8. We also see that both the OB width and thresholds increase when Δp varies
from 0 to 2γ, and they decrease as Δp varies from 2γ to 10γ. 

The influence of intensity and frequency of the coupling laser field on the OB be-
havior is shown in Figs. 9 and 10, respectively. Here, the values of the probe frequency

Fig. 7. Surface plots of the OB vs. the probe detuning (in negative region) at p = 0.9, Φ = 0, Ωc = 4γ,
Δc = 0, and C = 80γ (a). OB curves at specific values of the probe detuning, other parameters are similar
to those in a (b).
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detuning and the strength of the SGC are chosen as Δp = 0 and p = 0.9. From these figures
one can see the controllable OB thresholds/width by changing the intensity or/and fre-
quency detuning of the coupling field. 

The influence of the cooperation parameter C on OB is plotted in Fig. 11, where the
parameters of the probe and coupling lasers are fixed at Δp = 4γ, Δc = 0, and Ωc = 4γ.
It is apparent to see that an increase in the cooperative parameter leads to a broader
OB width. Such behavior can be explained by the fact that increasing C leads to in-
creased absorption (C is proportional to the atomic density) or increased attenuation,
resulting in a higher intensity needed to attain OB thresholds.

Fig. 9. Surface plot of OB when p = 0.9, Φ = 0, Δp = 4γ, Δc = 0, and C = 80γ (a); OB curves at specific
values of coupling intensity Ωc (b).
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Finally, we considered the influence of the population relaxation Γ31 between two
hyperfine states  and  by plotting the OB curves for two cases, Γ31 = 0.003γ (solid
curve) and Γ31 = 0 (dashed curve), as shown in Fig. 12. The comparison shows a minor
deviation for strong coupling laser intensity (Fig. 12b), however, it is significant for
small coupling laser intensity (Fig. 12a). 

4. Conclusions

We have studied the OB in the three-level Λ-type atomic medium under the SGC and the
relative phase between the probe and coupling laser fields. The OB equation has been
derived as an analytical function of controllable parameters of the intensity, frequency

Fig. 11. OB curves determined at specific values of C, where p = 0.9, Φ = 0, Δp = 4γ, Δc = 0, and Ωc = 4γ.
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and relative phase of the laser fields, and SGC. It is found that the switching intensity
thresholds, thus the OB hysteresis loop, can be manipulated with the controllable pa-
rameters. Under SGC, the OB switching thresholds and width can be changed period-
ically with the relative phase at period 2π due to modification of absorption. On the
other hand, for the case of small coupling intensity, the influence of population relax-
ation between two hyperfine levels  and  on the OB curve is significant. This is
important for experiments where the population relaxation depends on temperature of
the atomic sample. The analytical OB relation may be employed to fit with experimen-
tally observed values to be a semi-empirical model which is helpful for several related
applications.
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