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Elliptical Gaussian beam (EGB) has many different physical properties from circular Gaussian beam.
In this paper, the transverse energy flux and intensity of one and two coherent EGBs are studied.
In our simulation, the transverse energy flux and intensity varying with waist ratio are discussed
in detail. It has been found that through increasing the waist ratio, the transverse energy flux after
interference would be strengthened significantly. Although the transverse energy flux is much
weaker than the longitudinal energy flux, its signal to noise ratio has been verified to be strong
enough for detection. Our derivations are still reasonable for another simulation with general ex-
perimental parameters. The simulation results are considered to be helpful for some physical ex-
periments using the transverse energy flux of Gaussian beam, such as an important application in
electromagnetic response produced by interaction of high-frequency gravitational waves.
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1. Introduction

According to the fundamental laser model, the standard Gaussian beam (GB) is assumed
with circular cross-section (i.e., circular Gaussian beam (CGB)). However, in appli-
cation, laser beams are often elliptical Gaussian beams (EGB, also called astigmatic
Gaussian beam), such as in laser optics, material processing, and nonlinear optics [1].
The EGB can be generated by focusing a CGB with a cylindrical lens or refracting
a CGB at obliquely incident angles [2]. In 1969, EGB was put forward by ARNAUD and
KOGELNIK in theory [3], then it has been studied widely. CARTER derived the expression
for electromagnetic components of a EGB [4]. DuaN and LU studied the propagation
properties of vectorial EGB beyond the paraxial approximation [5]. In experiment, the
characteristics of the EGB propagation in various optical systems have been investi-
gated extensively [1,6—-12].
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As one of the typical optical phenomena, interference of EGBs could lead to some
meaningful effects on electro-magnetic field yielding the deviation of energy propaga-
tion from a single EGB, which are mainly manifested in the different changes of energy
fluxes and intensities in the transverse directions given the waist ratio after interference.
Furthermore, the extra-high frequency gravitational wave is possible to resonate with
the electromagnetic resonance system designed by Liet al. [13—19] and results in some
distinguished signals on the transverse directions. And our previous works indicated
the transverse energy of signal would be enhanced greatly using EGB with some ap-
propriate waist ratios [20,21]. Therefore, as an optic pilot study for extra-high frequen-
cy gravitational wave detection, here we pay attention to the transverse properties
before and after the interference.

We have discussed transverse propagation characteristics and coherent effect of
the CGBs [22]. In this work, the energy fluxes and intensities of a single EGB and in-
terference between two coherent EGBs in transverse directions are derived and simu-
lated with different waist ratios. Meanwhile the detectability of the transverse energy
flux is also be discussed after considering some noises (e.g., background photon flux,
shot noise, noise from incomplete extinction).

2. The energy flux density and intensity

Intuitively, the cross-section of an elliptical Gaussian beam is elliptical rather than cir-
cular (cf. the energy flux on z axis in Fig. 1(a)). But as the standard Gaussian beam,
an elliptical Gaussian beam can also provide a non-vanishing longitudinal electric and
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Fig. 1. (a) A single elliptical Gaussian beam and the energy propagation recorded by some photon detec-
tors. (b) Optical path diagram for interference (directly cite Fig. 1(b) of [23]).
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magnetic field components except on the waist plane. Therefore the detectors located in

paraxial regions on x and y axes would record non-zero energy flux (c¢f. Fig. 1(a)). Gen-

erally, supposing the propagation direction on z-axis, one of the transverse electric com-

ponents of an elliptical Gaussian beam (here choosing £ ) could be expressed as [23]
2 : 2

E =y = exp[— S J(F(y, 2) (1a)
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where k = 2n/A, w = kc (c is the speed of light) is the angular frequency of GB,
fo = aWglh, f, = —Weld, W, = Wo L + I W, = Wo, (1 + @If,)21?
(W, and W, is the waist radius of GB on x and y axis, respectively), R, = z + fxz/z,
R, = z+f}/z and § is the initial phase of GB. 4 = [4 cuq P/ Wy, Wy, ] is the ampli-
tude of the Gaussian beam, where P is the power of laser and y,, is the permeability of
vacuum. Then assuming EZ = 0, we can derive the other electric and magnetic field
components according to the Maxwell equations in free space without charge and elec-

tric current, which are
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In order to acquire the information about the direction of energy propagation in the
EM field, the Poynting vector is used to represent the energy flux density, which is the
result of the vector product of the EM’s electric and magnetic components as

1
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Cons1der1ng the field pulsmg with time quickly, the average value of the Poynting
vector S over the time is S = (E X B) /uy. The corresponding components are

= 1 iy N N

S = R B.—-E_B 5
. = 3, Re(E]B.~EB,) (52)
s 1 S N

S, = T Re(E'B, ~E'B) (5b)

where §x and S, indicate the averaged values of energy flux density on x- and y-axes,
respectively, which generally can be recorded by charge-coupled device (CCD) at each
point in space. In our simulation, the power of laser is chosen to be 1 mW, the wave-
length A = 620 nm, the initial phase is 1.327. Once the optic paths are fixed, the phase
difference between the light in branch 1 and 2 is constant, which will satisfy the inter-
ference requirement. The receiving surface is assumed as As = (5 % 5) mm, the detec-
tion distance d = 1 cm. For a single elliptical Gaussian beam, the §x, §y and S‘Z are
simulated numerically as Fig. 2. In the transverse paraxial regions, the energy fluxes also
exist although they are very weak. Here the waist W, and W, are around 1073, yielding
to the Rayleigh length z; ~ 100 m. Therefore in the range of —0.02 m <z < 0.02 m,
the changes of transverse flux density on the detection surface are around 107'° W/m?

as shown in Fig. 2.
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Fig. 2. The transverse energy flux density §x, STLof a single beam with different beam waist ratios. The first
column subplots (a) and (d) represent S and Sy, respectively, with W, = 0.002 m and W, = 0.005 m;
The second column subplots (b) and (¢) represent S, and Sy, respectively, with Wy, = W, = 0.005 m;
The third column subplots (c) and (f) represent S, and S, respectively, with Wy, = W, = 0.002 m.
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Fig. 3. The transverse intensity of a single beam with different waist ratios. The values on the legend
represent the values of W,/ W,,. Here 2/5 represents W, = 0.002 m, W, = 0.005 m, while 5/2 represents
Wox = 0.005 m, W,, = 0.002 m; 4/5 represents Wy, = 0.004 m, W, = 0.005 m, while 5/4 represents
Wox = 0.005 m, W, = 0.004 m; 5/5 represents W, = W, = 0.005 m.

If using photomultiplier tube (PMT) to detect the transverse intensities /(x), 1(y),
we also can find the features on transverse directions varying with waist ratios. Sim-
ulating the detector located at different positions (cf. Fig. 1(a)), given a receiving sur-
face As of the detector, the corresponding intensities are

1) = [[ S,xr2)dydz (6)
As

I(y) = '”A STy(x,y, z)dxdz (7

Figure 3 shows the /(x), /( v) varying with x, y. It can be found that the intensities
along x and y axes have even symmetrical distributions and both vanish at the trans-
verse center. With the increase of W),/ W), I(x) decreases, but /( y) increases with larg-
er eccentricity of spot. Those are because

<] 2
, S, ~4 (8)

here 4 ~ (W), Woy)fl/ % increases with eccentricity of spot. That means that the trans-
verse intensity can be enhanced by appropriately changing the waist ratio with the fixed
total power of laser.

3. Interference effect on the energy flux density and power

As a fundamental physical phenomenon of light propagation, interference occurs from
the combination of two or more electromagnetic waveforms. As the simplest case, here
we consider the interference from two elliptical Gaussian beams propagating on the
same direction simultaneously. As Fig. 1(b) shown, we obtain two coherent elliptic
Gaussian beams propagating along the z-axis by splitting light, which propagate on
branch 1 and branch 2, respectively. The corresponding total energy flux density Sinf
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becomes the superposition of the individual elliptical Gaussian beam energy fluxes and
their interaction, which could be

St = S;+8,+ S, )

where §12 reflects the interference effect originated from interaction between the EM
in branch 1 and 2, which is

=~ 1 ~ ~ ~ ~

812 = 7 —(E1xBy TE; xBy) (10)

Ho
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¥

Combining Egs. (2) and (3), él y = 1§2X. The components of total energy flux den-
sity S;,¢ are

Sine, (7, Z)‘x:d

1 ady ey iy iy ady ey
= _|:Re(E2y BZz) +Re(E1y Blz) +Re(E2y Blz) +Re(Ely BZz):”
X

2u, =d
(12)
Sinfy(x, z) ‘y .
— ——[Re(E}, B.) + Re(E5, By.) + Re(E}, By.) + Re(E3, B,.)|
(13)
Sint, (%, )| _
1 ek T ok T x5 ol et
= 2,Lt [Re(Elely_E]yle)+Re(E2xBZy_E2yBZx)
0
+Re(Erx BZyiEiky B2x)+Re(E;x BlnyZ*y le):| =g (14)

It should be noted that when Wy, /Wy, = Wy, /Wy, Sint, (1. 2)|, _ 4 = S, (. 2)|, _ .

As aresult, /;,¢(x) = [;,r(») after interference.
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The simulated results of interference between two coherent elliptical Gaussian
beams are illuminated in Figs. 4—6, which show: 1) As above theoretical derivations
Eqgs. (11)—(13), when W,/ W, = W,/ W,,, the energy flux on x axis is equivalent with
the result on y direction; 2) With the increase of Wy, /W, the transverse intensity in-
creases after interference. Therefore in the following simulation, we choose W,./W,,
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Fig. 4. The transverse energy flux density Smf (¥, 2) = mf (x, z)‘ of two coherent beams after
interference. The first column subplots (a) and (d) represent Smf (y, z)‘ and S’infy (x, z) yoar e

spectively, with W, = 0.002 m, W, = 0.005 m; The second column subplots (b) and (e) represent
Einfx( ¥, z) v=d and §infy (x,2) ‘ e respectively, with W, = W, =0.005 m; The third column subplots

(c) and (f) represent Ejnfx (y,2) ‘x _d and S‘infy (x, z) respectively, with 7, = 0.005 m, ¥, =0.002 m.
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Fig. 5. The transverse intensity distribution of two beams after interference. The values on the legend
represent the values of W,/ W;,,. Here 2/5 represents Wy, = 0.002 m, W, = 0.005 m, while 5/2 represents
Wox = 0.005 m, Wy, = 0.002 m; 4/5 represents W, = 0.004 m, W, = 0.005m, while 5/4 represents W, =
=0.005 m, W, = 0.004 m; 5/5 represents W, = W, = 0.005 m.
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Fig. 6. The comparison of transverse intensity distributions before and after interference with different
waist ratios. In the first column subplots (a) and (d), W, = 0.002 m and W, = 0.005 m. In the second
column subplots (b) and (e), Wy, = Wy, = 0.005 m. In the third column subplots (c) and (), W, = 0.005 m
and Wy, = 0.002 m.

= 5/2. It is worth noting that we do not further increase the value of W, /W, here,
because with the beam quality guaranteed, i.e., the M? factor should be not too low,
the eccentricity of the light spot should be kept between 0 and 0.5 as possible [24].

From above results, it is found that using the EGB with larger eccentricity is helpful
to enhance the local transverse intensity after interference. More generally, the EGB,
can be replaced by other electromagnetic (EM) field with the similar polarization. That
provides a possible approach to improve transverse weak signal detection.

4. Detectability

Due to the weakness of the transverse energy flux, the detectability is influenced by
noise significantly. Then we mainly discuss the shot noise and the noise caused by in-
complete extinction of the longitudinal electric field EZ. (Note: in our case, the noise
from Rayleigh scattering (RS), which has the intensity ratio to incident intensity as
Ips/ly~(2n 12)4(1/2)° (1is the size of scattering particle setting as /10), is much weaker
than the signal, so it is not concerned in the following content.)

The energy flux density of shot noise, which is generated from quantum fluctua-
tions of photons, can be calculated by [17]

Sshot = hv, /N, (15)
where v is the frequency of EGB, N, is the sum of the number of background transverse
photon flux and transverse signal photon flux. According to the above experiment
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Fig. 7. The 3D and 2D graphs of shot noise energy flux density (J:s™'-m™2) on yz plane at x = 0.01 m.

parameters and fixing W, =5 mm, W, =2 mm, the detector located at d =1 cm, the
energy flux density of shot noise behaves as Fig. 7.

In the above theoretical derivations, the longitudinal electrical component of the
Gaussian beam E = 0, but in the actual experiment, E is not strictly zero due to the
inevitable longltudmal EM components at the propagation position away from the
waist. So when E # 0 (here we suppose that the amplitude of the longitudinal elec-
trical component is about 1/10* of the amplitude of the EGB), the electromagnetic com-
ponents of EGB are derived as

E =y (16a)

. oF oF

E = —j X 4+ 2 |dy (16b)

Y ox 0z

E. = y/10* (16¢)

—— oF, | OF,

B, —Z (17a)
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Y w \ Ox Oz
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Therefore the corresponding energy flux density of noise from incomplete extinction

on x-axis P can be calculated by

= 1 i e adp
= Re(E,B,—E. B 18
T o ReEEEB) (18)
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Fig. 8. The 3D and 2D graphs of noise energy flux density (J-s - m2) caused by incomplete E_ extinction
atx=0.01 m. Here W, = 0.005 m, W, = 0.002 m.

Figure 8 shows the spatial distribution of S . .

Combining the above energy flux density of signal (i.e., Eq. (12)) and noises, the
optimal detection area can be found in Fig. 9, which is around y = -2 mm where the
noise from incomplete extinction (NEz) is opposite to the propagation direction of the
signal (PPF), furthermore the signal reaches the maximum value. Therefore the cor-
responding signal to noise ratio is Zppg//yp o noise =133 % 107, which is available to verify
the detection of transverse photon flux in optical frequency band.

[ Signal
[0 NEz
[ ShotNoise

Fig. 9. The energy flux density comparison of signal.

5. Conclusion and remarks

In our results, the energy flux and intensity of a single EGB are not equivalent between
x- and y-axes, which should be originated from the initial conditions of the electro-
magnetic components. In the interference process, due to the initial condition on
x- and y-axes being exchanged on branch 2, the inference energy flux density and in-
tensity along x and y directions behave similarly with the same eccentricity.
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As asingle EGB, its energy flux density on transverse plane is barely different from
the CGB, but on longitudinal plane it reflects the geometric differences significantly.
But the intensities in transverse directions are influenced by waist ratio greatly. Our
results indicate that the intensity on transverse regions could become stronger with
larger eccentricity of waist. In the phenomenon of interference, the advantage of us-
ing EGB to further strengthen the transverse energy is verified by numerical simula-
tion. After calculating the energy density of shot noise and noise from incomplete
extinction, it is found that in the yz plane with -2 mm < y < 0 the propagation of signal
(i.e., transverse photon flux) is opposite to the directions of the noises from incomplete
extinction and the signal-to-noise ratio is enhanced significantly. Those results support
an effective approach to raise transverse energy through adjusting waist ratio to a spe-
cific value with interference. Therefore the EGB has great potential for the research
and experiment using transverse energy.

In the above mentioned extra-high gravitational wave detection, the optical
branch 2 would be replaced by the EM field yielded by the interaction between grav-
itational wave and static magnetic field, and the laser frequency would be decreased
into microwave band. However the EM response is similar with this work, so our re-
sults provide a pilot test in optic frequency band for such experiment.
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