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On the physical interpretation of results
in coherent imaging of diffuse objects
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A physical interpretation of the mathematical formulation of coherent imaging
of diffuse objects under the usual assumption of uniform spatial distribution
of point scatterers is given. This interpretation also reveals that the expression
for the autocorrelation of intensity, as derived by Enloe, is charged with a slight
error.

Entoe [1] considered the coherent imaging of a diffuse surface with any
arbitrary average number N of the point scatterers per unit area and gave
an extensive mathematical formulation. This anylysis was subsequently
used by 1chioka [2] for partially coeherent diffuse objects and has become
regarded as being very important in the studies on the statistics of lasers
speckles. Physical interpretation of the resulting equations has revealed
that the non-Gaussian term which apperas in the expression for the auto-
correlation function of the intensity distribution in the image plane is
charged with an error. This error, which is due to improper combination
of terms (has since then remainned there) leads to wrong physical results.
A need for reinvestigation of the problem has therefore arisen.
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A uniform wave of coherent light is incident on a transparency composed of randomly
distributed unit point scatteres. Light collected by the aperture A, placed in the
far-field, is imaged by lens L on place P (from [1])

Schematic diagram of the optical system together with the symbols
used by Enloe is shown in the figure. The complex amplitude in the image
plane is given by (eqg. (3a) of [1])
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where e = n(z—/)M/2, v = —(fld)xi, (0 = —{f/d)yi, Xis the wavelength
of radiation, 0i is the relative phase of the wave scattered from the scatterer
located at [x{, y{), h is the amplitude point spread function, and K is the
total number of scatterers. The intensity distribution in the image plane
is therefore given by
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The first term, which is the incoherent contribution, is a fluctuating
guantity and can be written as

Owxoh  (I(N)}+g(v, co,xk,yk,K), ©))

where N is the average number of scatterers per unit area of the diffuser.
In the above equation <I(N)) is the ensemble average intensity and
a(v, a), xk, yk, K) is a fluctuating term which depends on the point of
observation (v, to), the position of the point scatterers (xk, yk and the
total number of scatterers K. The average value of g is zero. Because of
Poisson distribution of the number of scatterers, the r.m.s. fluctuation
in the number is VN which (for small N) is comparable to N. Moreover,
for small N there is also a pronounced fluctuation in the incoherent contri-
bution from scatterers by virtue of rearrangement of their positions. On
the other hand, for large N, VW is negligible compared to N and the rear-
rangement of the positions hardly changes the contribution. Both these
effects are contained in g and can be neglected compared to (N )> for
large N . Hence, for large N (Gaussian case) eq. (2) is reduced to

I(v,co) =<I1}+ Inoiae. (4)

Working on Enloe’s lines one can see that using eq. (4) the auto-
correlation of intensity for Gaussian case is given by

-RGaLssian(> CO "(Qax0 >0 (5)
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which, as expected, corresponds to the first two terms of Enloe’s equation
{14), where

0

Qi{v.v) = J ] h*(t,r)h{t-\-u,r-\-v)dtdr.
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In the non-Gaussian case the expression for the intensity distribution
can be written as

I{v, to) = <I}+g{v, (0,xk,yk, K)+Inoiaefv, co, xk ,yk ,K). )
The expression for autocorrelation can subsequently be written as
non-Gaussian (r, <) = <T>2+RnoiBe(r, t) +Rgg{r, t) + 2 RgnoieQr, t)

/T2 172 \ex(rNe>t/Af)1r 11 7 41073 / A /ON
— CO +<0 2/n ftN 0 + 27”noise(r) (8)

where Rnoize has been taken from eq. (6).

Error in Enloe’s expression for autocorrelation

Here we will see what wrong physical interpretations are inferred from
Enloe’s eq. (14). Comparison of his eq. (14) with our eq. (8) gives

B..(r, t)+2Banitt,(r,t) = 2 ~ e, (rIXf, tiXm), 9

where
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@u,v)= 3\, )\2 \h{t+u, r\v)\2dt dr.

By using standard results of short noise [3] it can further be shown
that

Rgo(r, ) = <I> eArltf, tIXf) 0
6x(0,0)

From the above two equations we get

(1) QWIr/tf,t/Af)

2 6i(0,0) (L1a)

R(/noise (r,t)

Further, by virtue of egs. (8) and (10) the expression for contrast is
given by

(Contrast)2= 1+2 9% (lib)

<i>2 *

The eqg. (11a) shows that a speckle noise is correlated with the incoher-
ent fluctuations, a result which seems to be physically irrational. Moreo-
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ver, the expression for contrast, as given by eq. (lib), also appears to be
wrong, as the variance of the sum of two uncorrelated random variables
is the sum of their individual variances. This indicates that Enloe’s expres-
sion for the autocorrelation is not correct, which was confirmed by a closer
examination of his mathematical formulation. This error is due to im-
proper combination of terms in eq. (12) of his paper [1], where the terms
for k = i —m —n appear twice instead of only once. The correct version
of his eq. (12) is as follows:
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which leads finally to
R(r,t) = <|>2[| + gxfr/ff, W )| * .\ (13)

E\(0,0) ei(0,0)

Comparing the above equation with Enloe’s eq. (14) we find that his
expression contains an extra factor 2 in the last term which is the non-
-Gaussian term. Using the modified equation for autocorrelation (13) the
incorrect results given by eq. (11) take now the following form:

noise 0,
and

(Contrast)2 = 1+

which now appear physically consistent.

Additional remark

It is worth mentioning that the contrast in the equivalent far-field as
determined from the modified eq. (13) is given by

(Contrast)2 =1+ -L,
A

where K is the average number of scatterers within the diffuser. The above
equation, as expected, tallies with eq. (22) of J akeman et al. [4].
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®dursnyeckass MHTepPrpeTaumsi pe3ynibTaToOB KOFEPEHTHOro M306pakeHUst
ANY3NOHHBLIX NpeaMeToB

MpuBoANTCS (hU3MUecKash MHTEPMNPeTaUnst MaTeMaTUYecKoro opmasninama, UCnosib3yemMoro B Ko-
repeHTHOM M306paKEHUN ANPPY3NOHHBIX 06BHLEKTOB MPU O6bIYHbIX MPEAMNONOKEHUSIX O4HOPOA-
HOCTW MPOCTPAHCTBEHHOrO pacrpeaenieHnsl ToUeUHbIX paccemMBaTeneii. Ta MHTeprnpeTaums 06bsc-
HSIET, UTO BbIpaXKeHWE aBTOKOPPENsLMU WMHTEHCUBHOCTW, BbiBefeHHOe Enloe, cOfep>XUT HesHa-
unTeNbHbIE OLLUUGKMU.



