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The manuscript introduces a novel turbulence model for free space optics (FSO) communication,
constructed through the amalgamation of two distinct statistical models, rooted in the scintillation
theory. A closed-form expression for the probability density function (PDF) and cumulative dis-
tribution function (CDF) of the turbulence channel, specifically the Chi-square/inverse Gamma dis-
tribution, was deduced. Further the influence of zero boresight pointing errors on the performances
of FSO transmission over the obtained atmospheric turbulence channel has been considered. To
delve into the intricacies of the channel, an examination of the average bit error rate (ABER) was
undertaken as an evaluative metric for the transmitted signal’s quality. The ABER analysis was spe-
cifically conducted within the framework of  IM/DD (intensity modulation and direct detection)
and OOK (on-off keying), considering diverse sets of system parameters and across various tur-
bulence scenarios. In the same manner, ABER analysis has been carried out for the subcarrier in-
tensity modulation (SIM) with differential phase-shift keying (DPSK). 

Keywords: turbulence modelling, free space optics (FSO), Chi-square/inverse Gamma distribution,
scintillation theory, average bit error rate (ABER).

1. Introduction

Transmitting high-resolution data through FSO systems offers notable advantages, in-
cluding high transmission speeds (up to 30 Gbps), directional beam characteristics, im-
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munity to electromagnetic radiation, use of unlicensed frequency spectrum, flexibility,
low implementation costs, and enhanced security. However, drawbacks exist, such as
potential interference. The directed optical beam’s propagation may result in signal at-
tenuation due to atmospheric turbulence and transmitter/receiver pointing errors.
Transmission delays induced by these factors can lead to information transmission er-
rors, affecting the accuracy of transmitted bits (bit error rate – BER). In addition to
atmospheric turbulence, pointing errors represent another factor contributing to signal
degradation in FSO systems. These errors result from misalignment between the trans-
mitted signal and the receiving detector [1]. The zero boresight transmission model
delineates misalignment error, incorporating factors such as the radius of the optical
beam at a specific distance from the transmitter, the diameter of the circular detector’s
aperture, and variations in surface tilt.

Mathematical models play a crucial role in delineating the statistical characteristics
of FSO signal intensity, essentially capturing the signal’s behaviour. The most com-
monly used mathematical models for fluctuations of optical signals in a turbulent chan-
nel are: log-normal [2,3], Gamma-Gamma [4-6], model with a negative exponent
[7,8], Nakagami [5,9], Rician model [10,11]. Under conditions of mild turbulence in
clear skies, the log-normal distribution emerges as the most appropriate choice [12,13].
The Gamma-Gamma distribution is widely adopted in the literature due to its consist-
ent alignment with theoretical and experimental results, proving effective across a di-
verse array of atmospheric turbulence scenarios [4,14]. These models collectively
account for the simultaneous influence of eddy fluctuations at both small and large
scales. The creation of a turbulent channel involves the mathematical modelling of
large and small-scale eddies, as elucidated in a referenced paper [15]. This paper in-
troduces a new model within the Gamma distribution models small-scale fluctuations,
and the inverse Gamma distribution models large-scale eddies. Comparative analysis
demonstrates that this new model yields results of comparable quality to the aforemen-
tioned Gamma-Gamma distribution, both in experimental and computer simulation
contexts. In a related model presented in another paper [16], the Lognormal-Rician dis-
tribution was devised. Here, the Lognormal distribution was employed for modelling
small-scale eddies, while the Rice distribution was utilized for modelling large-scale
fluctuations. The new model demonstrated strong alignment between experimental re-
sults and outcomes obtained through software simulation. 

To model and forecast the performance of free space optics (FSO) links, this paper
introduces a unique model based on two statistical models. The Rician (Chi-square) dis-
tribution is employed for modelling small-scale fluctuations, while the inverse Gamma
distribution is utilized for modelling large-scale eddy fluctuations [15]. The combina-
tion of these independent statistical processes results in a novel Chi-square/inverse
Gamma probability density function (PDF), concurrently constituting an innovative
turbulence channel [6]. Capitalizing on this, we have determined another important
characterization of newly introduced turbulence model, such are cumulative distribu-
tion function (CDF) and PDF of channel signal-to-noise ratio (SNR). Further, PDF and
CDF of the irradiance at the receiver under the newly introduced Chi-square/inverse
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Gamma model in the presence of atmospheric turbulence and zero boresight pointing
errors have been delivered. In order to conduct a full analysis of the system, the pro-
posed model in combination with IM/DD (intensity modulation and direct detection)
and OOK (on-off keying) modulation is used in this paper to determine the ABER. In
such conditions, ABER has been also analysed when employing subcarrier intensity
modulation (SIM) with differential phase-shift keying (DPSK). The results of the new
Chi-square/inverse Gamma model are presented on tables and graphs. 

The structure of the paper is as follows: Section 2 outlines the procedure for de-
riving the new Chi-square/inverse Gamma PDF and CDF and scrutinizes the proposed
model for FSO transmission both in presence and absence of pointing errors. Section 3
delves into the presentation and analysis of performances capitalizing on delivered
closed-form expressions for ABER over OOK and SIM modulation formats. Section 4
provides and discusses the results of the newly obtained model under different atmos-
pheric turbulence conditions.

2. New turbulence model 

The probability density function (PDF) of FSO fluctuations for small scale eddies is
modelled using the Chi-square distribution, which is represented by the expression:

(1)

where I0(ꞏ) represents the modified Bessel function of the zero order and first kind [17,
Eq. 8.431], the parameter Ω represents the total received signal power, K is the Rice
factor that indicates the ratio of the dominant component and the scattering component,
and Ix represents irradiance at the receiver [5,10,11].

The PDF of FSO fluctuations of large scale eddies is modelled using the inverse
Gamma distribution, represented by the expression [15]:

(2)

where b represents the distribution parameter, and it can be determined from the ex-
pression:
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and represents the log-variance of the irradiation, where  and  are the
effects of fluctuations of large and small scales eddies, respectively.

(5)

where:

(6)

(7)

and k = 2π/λ represents the wave number, where λ is the wavelength, l0 represents
small-scale eddies (expressed in mm), while  is Rytov variance,

 is the refractive index commonly used to define turbulence strength, and L is the
distance between the transmitter and receiver.

(8)

where:

(9)

(10)

and  is aperture diameter, where a represents the radius of the re-
ceiver aperture, L0 are large scale eddies and Γ (ꞏ) represents the Gamma function [17]. 

According to the scintillation theory [6], the received optical signal beam can be
modelled as the product of two types of fluctuations Iz = Ix Iy, while PDF can be mod-
elled by the expression:

(11)

σ ls
2 l0  σ ls

2 L0 

σ ls
2 l0  0.04 σ 1

2
ηXa Qls

ηXa Qls+
---------------------------
 
 
 

7
6
-----

1 1.75
ηXa

ηXa Qls+
---------------------------
 
 
 

1
2
-----

0.25
ηXa

ηXa Qls+
---------------------------
 
 
 

7
12
--------

–+=

ηXa
8.56

1 0.18a2 0.20 σR
2 Qls

1/6+ +
--------------------------------------------------------------------=

Qls
10.89 L

k l0
2

---------------------=

σR
2 1.23Cn

2 k7/6 L11/6=
Cn

2

σ ls
2 L0  0.04 σ 1

2
ηXa0

Qls

ηXa0
Qls+

----------------------------
 
 
 

7
6
-----

1 1.75
ηXa0

ηXa0
Qls+

----------------------------
 
 
 

1
2
-----

0.25
ηXa0

ηXa0
Qls+

----------------------------
 
 
 

7
12
--------

–+=

ηXa0

ηXa Q

ηXa Q+
------------------------=

Q 64 π2 L

k L0
2

---------------------=

d k 2a 2/4 L=

pIz
Iz  fIx

Iz Iy  fIy
Iy  d Iy

0



=



Exploring a novel turbulence model... 341
By substituting equations (1) and (2) into equation (11) and by representing the
modified Bessel function I0(ꞏ) of the zero order and first kind [17, Eq. 8.432], as the
result of solved integral from [17, Eq. 3.478.4] the following equation is obtained:

(12)

The obtained expression represents the PDF of the Chi-square/inverse Gamma distri-
bution.

Figure 1 shows the new distribution under weak turbulence condition, for different
values of K parameter.

In order to establish the relevance of the PDF, it is necessary to determine the cumu-
lative distribution function (CDF). The expression for calculating the CDF is given as

(13)

By solving this integral, a final expression for the CDF is obtained:

(14)

where B (ꞏ) denotes incomplete Beta function [17].
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Fig. 1. PDF for the Chi-square/inverse Gamma distribution for different values of the K parameter under
weak turbulence conditions.
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2.1. Pointing error model 

Apart from atmospheric turbulence, pointing errors exert a notable influence on the
integrity of the transmitted signal. These errors result from misalignments between the
transmitter and receiver. The factors contributing to pointing errors are frequently asso-
ciated with thermal expansion, minor seismic activity, and the swaying of buildings
caused by strong winds. In order to describe the pointing errors effect, a model pre-
sented in the literature [2] was introduced. The statement of this model is a Gaussian
spatial intensity profile of optical signal attenuation wz at the receiver surface and a cir-
cular aperture with a radius of a. Both horizontal and vertical displacements are mod-
elled using independent Gaussian distributions, hence the radial displacement r at the
receiver detector is determined by the Rayleigh distribution with jitter variance 
The PDF of Ip is represented as:

(15)

where ξ = wLeq /2σs, wLeq  is the equivalent radius of the beam at the receiver, and σs
denotes the standard deviation values of the displacement error (jitter) at the receiver.

(16)

where   and erf (ꞏ) denotes an error function.
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Fig. 2. CDF for the Chi-square/inverse Gamma distribution for different values of the K parameter under
weak turbulence conditions. 
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Using the previous expressions, a model for stochastic FSO channels was derived,
taking into account both scintillation induced by turbulence and fading caused by the
misalignment between the transmitter and receiver. The PDF, fI ( I ) of the channel state
is obtained by calculating the integral:

(17)

where:

(18)

By substituting Eqs. (12) and (15) into Eq. (17) and by solving the given integral and
by applying the rules from [18, Eq. 07.23.26.0004.01] and [18, Eq. 07.34.16.0001.01],
the PDF expression is obtained in the following form:

(19)

where  denotes Meijer G function.

2.2. Channel signal-to-noise ratio (SNR)

In FSO systems with IM/DD (intensity modulation and direct detection) and OOK (on-
off keying) modulation schemes, the transmitted information is firstly intensity-mod-
ulated and then transmitted through the atmospheric channel. Photodetector receives
optical signal whose optical power density is converted into the current and further
detected. That current can be represented by the expression:
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characteristic of coherent detection. The noise arising as the sum of independent and
identically distributed random variables approximates a normal (Gaussian) distribu-
tion as the sample size tends to infinity. The expression for SNR can be represented as

(21)

as well as for the mean value of SNR [19]:

(22)

where E[ꞏ] denotes the mathematical expectation, and РТ is average transmitted power. 
The electrical SNR is often used in the literature and can be expressed as

(23)

where:

(24)

The PDF, depending on the SNR, can be obtained from the following expression:

(25)

by substituting Eqs. (19) and (24) into Eq. (25) and applying the rules from [18,
Eq. 07.34.16.0002.01], the PDF expression depending on the SNR for IM/DD with
OKK modulation scheme is obtained in the following form:

(26)

3. Performance analysis
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The ABER for IM/DD with OOK modulation scheme is represented by the following
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(27)

where, according to [18, Eq. 06.27.26.0006.01]:

(28)

By substituting Eqs. (26) and (28) into Eq. (27) and applying the rules from [18,
Eq. 07.34.21.0013.01], the solution of the given integral is obtained, which is also the
expression for ABER in SNR function for the new turbulence channel model:

(29)

By applying Eq. (23) in Eq. (29), the expression for ABER is obtained in the func-
tion of the transmitted average power PT:

(30)

3.2. ABER expression for SIM modulation

The intensity of the optical signal when using SIM modulation can be represented by
the following expression:
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where P is the average optical power, m is the modulation index, and s (t ) is the signal
from the electrical modulator. After the transmission of the signal through the channel
and by applying direct detection at the receiver, the electrical signal can be represented
by the following expression:

(32)

where n denotes AWGN with a zero mean and a variance  The expression for
SNR can be represented as:

(33)

as well as for the mean value of SNR [19]:

(34)

the expression for electrical SNR can be represented as:

(35)

where:

(36)

The expression for ABER when using SIM modulation with direct detection with
respect to the current electrical SNR can be represented as [20]:

(37)

where Q (ꞏ) denotes the Gaussian Q-function:
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(39)

4. Numerical results

For the implementation of experimental results, the parameters from the Table 1 are
used. The remaining values of the parameters are presented in the paper. 
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T a b l e 1. Values of the parameters used for numerical calculations.

Parameters description Value

Refractive index - turbulence strength 
6 × 10–15 m–2/3 (weak), 2 × 10–14 m–2/3 (moderate), 
1.2 × 10–13 m–2/3 (strong)

Wavelength λ 1000 nm

Distance between transmitter and receiver L 950 m

Total received signal power Ω 1 W

Detector responsivity R 1 A/W

Noise standard deviation σn 10–7 A/Hz

Radius of a circular detector aperture a 0.05 m

Radius at the distance L from transmitter wL 0.6 m

Outer scale effects L0 0.8 m

Inner scale effects l0 6 mm
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 ST  K=14 [dB]    ST  K=12 [dB] 

Fig. 3. ABER for the Chi-square/inverse Gamma model as a function of the average electrical SNR.
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Utilizing the formula (29) for the recently formulated turbulence channel Chi-square/
inverse Gamma at Fig. 3, ABER versus channel SNR (μ) was depicted for the IM/DD
with OOK scheme. Different levels of atmospheric turbulence strengths and K factors
were taken into account in the determination of ABER. 

As expected, under conditions of strong turbulence and for smaller values of the
K parameter, the ABER value is higher. As the turbulences strength decreases so does
the value of ABER. For values of weak turbulence and higher values of K parameter,
the ABER value reaches its lowest levels. It can be observed, that the increase of the
electrical SNR leads to a linear decrease in ABER. The FSO system has the best per-
formances (lowest ABER) under conditions of weak turbulence and for the highest val-
ues of the K parameter, while the performances are the poorest when strong turbulence
is present and the value of K parameter is lowest. 

10 15 20 25 30 35 40 45 50

10-4

10-3

10-2

10-1

s /a=1

weak turbulence (WT)         - Cn
2=6x10-15

L=950m

[dB]

 IM K=14 [dB]     SIM K=14 [dB] 
 IM K=12 [dB]     SIM K=12 [dB]
 IM K=10 [dB]     SIM K=10 [dB] 

AB
ER

10 15 20 25 30 35 40 45 50

10-3

10-2

10-1

AB
ER

 SIM K=14 [dB]   IM K=14 [dB] 
 SIM K=12 [dB]   IM K=12 [dB] 
 SIM K=10 [dB]   IMK=10 [dB] 

strong turbulence (ST)        - Cn
2=1.2x10-13

s /a=1

[dB]

L=950m

Fig. 4. ABER for the Chi-square/inverse Gamma model in conditions of weak turbulence when using
SIM and IM/DD with OOK modulation as a function of electrical SNR (a), and strong turbulence when
using SIM and IM/DD with OOK modulation as a function of electrical SNR (b).
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Figures 4(a) and (b) compare the dependence of ABER on electrical SNR when
using IM/DD with OOK modulation and SIM modulation.

The existing findings for IM/DD with OOK modulation, indicating enhanced sys-
tem performance with reduced turbulence and increased K factor, are equally applica-
ble to SIM modulation. The graphical representations manifest superior characteristics
of SIM modulation across diverse atmospheric turbulence conditions and K factor val-
ues. Furthermore, a discernible trend reveals that as the electrical SNR intensity rises,
the performance distinction diminishes. 

Zero boresight pointing error influence over newly derived turbulence channel
Chi-square-inverse Gamma was observed through ABER and the average transmitted
optical power PT for different values of jitter deviation at Fig. 5(a).
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(b)

10 20 30 40
10-10

10-9

10-8

10-7

10-6

10-5

=532 nmL=1600 m

Cn
2=6*10-15-weak turbulence

 K=5 [dB] -  s/a=3
 K=7 [dB] -  s/a=3
 K=5 [dB] -  s/a=4
 K=7 [dB] - s/a=4
 K=5 [dB] -  s/a=5
 K=7 [dB] -  s/a=5

AB
ER

PT[dB]

10 20 30 40

10-8

10-7

=532 nmL=1600 m

Cn
2=6*10-15-weak turbulence

AB
ER

Pt [dB]

 K=7 [dB] - wL/a=10
 K=7 [dB] - wL/a=15
 K=7 [dB] - wL/a=20
 K=7 [dB] - wL/a=25s=0,2=1

Fig. 5. ABER for the Chi-square/inverse Gamma zero boresight pointing error channel model for different
values of the normalized standard jitter deviation (a), and different values of the normalized optical beam
radius (b).
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Figure 5(a) shows that with an increase in the transmitted power ABER decreases
linearly. It can be concluded that for smaller values of jitter deviation, ABER is lower,
and as the jitter deviation increases, ABER also increases. However, increasing in the
K factor can mitigate the increase in ABER caused by higher jitter deviation. Incorrect
transmitter-receiver alignment results in an increase in the jitter deviation, which leads
to system performance degradation.

Figure 5(b) shows ABER as a function of transmitted power for different values
of the optical beam radius under conditions of weak turbulence. Given that a larger
value of the optical beam radius wL is conditioned by the increase in the distance of
the transmitter depending on the radius of the detector а, it leads to the fact that an
increase in wL also increases ABER. A smaller ratio between the optical beam width
and the radius of the detector results in a decrease of ABER.

5. Conclusion

This manuscript introduces a novel turbulence model for FSO communication, crafted
through the integration of two distinct statistical models rooted in the scintillation the-
ory. The derived closed-form expression for PDF and CDF of the turbulence channel,
specifically the Chi-square/inverse Gamma distribution, contributes to the understand-
ing of FSO signal characteristics. The study expands its scope to investigate the impact
of zero boresight pointing errors on FSO transmission performance over the obtained
atmospheric turbulence channel. ABER evaluations are conducted within the framework
of IM/DD with OOK and SIM with DPSK, considering diverse system parameters and
turbulence scenarios. The paper extends the discourse on turbulence modelling, intro-
ducing a comprehensive perspective on the Chi-square/inverse Gamma distribution,
scintillation theory, zero boresight pointing errors, and ABER. The utilization of math-
ematical models for signal intensity in turbulent channels is critical, and the presented
research acknowledges the diversity of atmospheric conditions, requiring specific
models and approaches for accurate representation. The obtained results, presented
through graphs, provide insights into the performance of the proposed model under
various atmospheric turbulence conditions. 
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